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ABSTRACT
Dynamical systems often involve uncertainties either in their
parameters or in their initial conditions. Therefore, in order to
reliably compute the system response, it is important to understand and quantify the different sources of uncertainty. This necessitates carefully measuring the system parameters and propagating the associated uncertainty to the system response. In
this paper we demonstrate an approach for propagating uncertainties from the system parameters to the output response using a benchtop pendulum system. Since the input parameters are
treated as random variables, the output is also reported as a random quantity with appropriate error bounds.

dence level, the measurment uncertainty. This uncertainty in the
parameter values translates to uncertainty in the system response
where we can only report with some confidence that the true output is likely to be within a certain interval. In order to propagate
the uncertainty in the parameters to the output and obtain meaningful results it is important to take careful, repeated measurements of these parameters to sharpen our output estimates. Perhaps one of the simplest but informative experiments that show
this approach of propagating input uncertaintites to outputs is the
planar pendulum.
Due to their simple construction and rich dynamics, pendulums have stimulated extensive research in the fields of linear and
nonlinear science. In addition, many systems, such as robotic
arms, machine tools and impact dampers, are modeled by pendulums [1, 2]. Further, pendulums are used to suppress torsional
vibrations in rotating machinery such as light aircraft engines
and helicopter rotors [3]. Moreover, the interest in pendulums
is especially motivated by their nonlinearity which enables them
to demonstrate complex, and sometimes even counter-intuitive,
phenomena. For example, multiple periodic attractors, chaotic
oscillations, subharmonics and quasi-periodic behavior [4]. Another attractive feature of pendulums is that they make ideal
bench-top experiments. This feature enables researchers to more
easily collect data for comparing analytical models against the
actual system response [5, 6].

INTRODUCTION
Dynamical systems typically include parameters such as
masses or lengths whose exact values are not well-defined. For
example, the length of a link in a system can vary depending on
the two opposite points chosen to perform the measurement. If
the length measurement is repeated this will result in a group of
measurements that collectively give information about the length
of the rod but none of these measurements by itself can be treated
as the true length of the rod. In this case, we say that there is
uncertainity in the measured quantity and report it as a nominal
value enclosed by an interval that captures, with certain confi-

Analyzing such experiments requires accurate estimation of
some of the system’s physical parameters, namely the length of
the connecting link, the system’s natural frequency and damp-
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ing, and the inertia of the system. This parameter estimation
or identification is typically performed through an optimization
procedure that fits an analytical model to the actual data. To perform this optimization, there exist many methodologies that depend on the type of response behavior and the available measurements. For instance, if measurements of all of the system states,
i.e. the displacement, velocity and acceleration, are available,
then a direct approach can be applied [7]. However, usually it is
impractical to measure all the system states simultaneously; furthermore, amplification in the measurement noise occurs when
attempting to use the numerical signal derivative to obtain the
missing states. To overcome this challenge, other methodologies have been developed that depend on the type of response
behavior. Some types of response behavior include steady-state
periodic response [8], impulse and transient responses of weakly
nonlinear oscillators [9, 10], and chaotic response [11–16].
Regardless of the methodology used for parameter identification, it is essential to accurately approximate the underlying
energy dissipation mechanism. In most models, a viscous damping term is used to capture this loss, although a different damping model could actually be present, e.g. Coulomb or quadratic
damping [17]. Therefore, quantifying the uncertainty in the experimentally obtained damping term gives insight into our confidence in predicting the system response using a companion analytical model, for example.
In this paper, we utilize a benchtop planar pendulum to describe how to propagate uncertainties from the pendulum’s arm
length to the calibration curve, and finally to the measured swing
angle. A modular calibration tower with uncertainty in the height
is used to quickly vary the swing angle of the pendulum and obtain a sufficient number of readings for quantifying the uncertainty in the encoder signal. We also investigate the uncertainty
in the fitted damping terms for viscous, coulomb, and quadratic
models both numerically and experimentally. In the numerical
investigations we examine the effect of the mismatch between
the actual and fitted damping models. We then fit one of the three
damping models as well as all the associating possible pairwise
combinations to the repeated measurements of the swing angle
and report the error norms for the fitted swing angle versus the
experimental values including appropriate error bounds.

(a) SIMPLE PENDULUM.

FIGURE 1: SIMPLE PENDULUM SYSTEM DIAGRAMS.

displacement of the mass evolving with time, and the double
over-dot represents the second time derivative of displacement.
p
Defining the natural frequency of the pendulum as ωn = g/L,
the equation of motion can be rewritten as
θ̈ (t) + ωn2 sin θ (t) = 0.

(2)

If the swing angle of the pendulum is constrained to the range
0 < θ < π/6, the last term in Eqn. (2) can be linerarized using
sin θ ≈ θ . The resulting linearized version of Eqn. (2) gives
θ̈ (t) + ωn2 θ (t) = 0.

(3)

Since physical dynamic systems contain mechanisms for energy dissipation it is necessary to incorporate damping effects
into Eqn. 3. The primary sources of energy dissipation considered in this study are three common damping models: viscous,
coulomb, and quadratic. Damping effects are represented by introducing a general damping term κi into Eqn. (3) which gives
θ̈ (t) + κi (θ̇ (t), θ (t))ωn + ωn2 θ (t) = 0.

(4)

This study considers the sources of error when measuring
physical parameters of the system for identifying which of the
the three damping models are present in a benchtop pendulum.

MODEL DESCRIPTION
If we consider the simple pendulum show in in Fig. 1a and
assume a lumped paramter mass m, the resulting equation of motion of motion reads
mL2 θ̈ (t) + mgL sin θ (t) = 0

(b) FREE BODY DIAGRAM.

Damping Models
It is often difficult to condense the energy dissipation of
physical systems into a single variable. This is evidenced by
the number of various damping models described in the literature which can even introduce nonlinearities into the model [18].
Among damping models linear viscous damping is one of the
most common choices; however, it is not always successful in

(1)

where L is the length from the fulcrum to the center of mass,
g is the gravitational acceleration constant, θ (t) is the angular
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TABLE 1: DAMPING TERM SUMMARY.

Damping Term κi

Damping Models

κv = 2ζv θ̇

viscous damping

κq = ζq θ̇ θ̇

the noise in the signal may be approximated by a signal-to-noise
ratio (SNR) according to
ynoisy = y +

κc = γ θ̇ 2 + cos θ sgn θ̇

coulomb damping

κv,q = κv + κq

viscous, quadratic damping

κv,c = κv + κc

viscous, coulomb damping

κq,c = κq + κc

quadratic, coulomb damping

κv,q,c = κv + κq + κc

viscous, quadratic, coulomb

ε ∼ N(0, 1),

(5)

where ε is a random variable drawn from a normal distribution
with mean 0 and standard deviation of 1, and ynoisy may be estimated for a range of inputs or it may be an intrinsic quantity
found in the specifications for a piece of equipment.
Figure 2 shows the result of simulating Eqn. (4) with a viscous damping term, i.e, κi = κv . The parameter values, ωn and
ζv , used in the simulation were set to 7.25 rad/s and 0.03, respectively. These values were chosen to be representative of those
observed in the physical pendulum system.
Ten realizations were created based on the simulation with
each having independent, randomly distributed noise added to
the nominal time series. Figure 2 shows a representative time
series superimposed on the noise-free time series. Analyzing
multiple runs for the same system enables obtaining bounds for
the uncertainty in the parameters or the system response. In this
study we are interested in the system parameters ωn and ζv .
If the viscous damping model is fit to the various time series, it is reasonable to assume that the fitted parameters would
converge to the original input parameters as the number of relizations increases. However, because each model is based on
its own specific parameter (i.e. ζv for viscous damping, ζq for

quadratic damping


|y|
ε,
SNR

capturing frictional effects in physical systems. Depending on
the energy dissipation mechanism, a single damping term may be
sufficient to model the primary source of damping; nonetheless,
this study utilizes a damping model that potentially combines
multiple damping terms based on physical experimental data.
The individual terms in a combined damping mechanism can
control the energy dissipation behavior at different points in time.
For example, at large oscillating amplitudes one particular damping model may best quantify the effects while it can deviate at
smaller amplitudes. This may be the result of multiple effects
such as decreased influence of air resistance at smaller oscillations, nonlinear friction depenent on the velocity of the system,
and vibration of the system along directions other than the main
degrees of freedom. A combination of these individual factors
can be summarized in a general damping term κi where the viscous, quadratic, and coulomb friction damping models represent
a distinct contribution to the overall system behavior. Table 1
provides a summary of the seven combinations of damping models that are studied in this paper.
Two sets of investigations are considered: 1) numerical simulations are utilized to quantify the effect of fitting incorrect
damping models to synthetic time series, and 2) experimental
investigation of a planar pendulum are then used to propagate
uncertainties and identify the existing damping effects.
In the numerical simulations the individual damping models, as well as their pairwise combinations, are evaluated based
on the corresponding `2 norm (see Eqn. (6)). For example, if viscous damping is simulated, the fitted pair consists of quadratic
damping and coulomb friction.
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FRICTION DAMPING MODEL SIMULATIONS.
gible compared to the magnitude of noise in the y-direction. An
alternative method of identification and comparison between the
fitted and the actual data is to consider the amplitudes that each
model produces based on a Nelder-Mead fitting approach [19].
The discrete point differences between the fitted and simulated realizations were quantified by computing the `2 norm described by

quadratic damping, and γ for coulomb friction damping) as well
as a common natural frequency, ωn , it is difficult to compare
how well a particular model fits an unknown set of damping
terms. Solely comparing the fit of the natural frequency does not
yield conclusive results as to whether an adequate mechanism of
damping has been identified. In fact, each model fit produces a
range of natural frequency values which contains the actual natural frequency in the first two standard deviations. This is primarily due to the exact correlation of time in each simulated realization. Noise was not added to the time variable since the data
aquisition equipment used in the physical experiment had a time
error on the magnitude of 10−7 s which may be considered negli-

n+1

||x||2 =

Norms
0.0
Coulomb

(6)

where xk is the kth data point while x̃k is the corresponding fitted
value. Figure 3 statistically summarizes the resulting norms of
the four models fitted to the viscous damping simulation realization. The mean value of the ten norms for each fit is an overall
indicator of how well the particular model fits the realizations. In
addition, the vertical error bars provide the corresponding single
standard deviation of the fits within each set of norms.
Comparing the fit of the true damping model, viscous in this
case, to the ten realizations establishes a basis for comparison
for the other models. Ideally, when fitting the correct damping
model to the data, zero must be contained within the single standard deviation error bounds. However, because the realizations
contain noise, there is potential for the comparison to miss the
intended zero difference. From Fig. 3 it is evident that this is the
case when comparing the realizations versus the nominal time
series for the viscous damping model. Alternately, it should be
noted that even though the single standard deviation range does
not contain zero, one and a half standard deviations certainly
would, although this would decrease the overall accuracy of the
estimate. In the case of this study, a single standard deviation

0.5
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(`2 norm) ,
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TABLE 2: SUMMARY OF THE `2 ERROR NORMS WHEN
FITTING VARIOUS DAMPING MODELS TO SIMULATIONS.

where it is typical to measure and incorporate physical quanitities in calculations. The uncertainties in the measurements of
system parameters affect the overall accuracy of a final output.
If the error associated with measured quanitities is propagated, it
establishes a level of confidence when reporting a final result.
In the case of measuring pendulum oscillations, it is possible
to aquire an error associated with each discrete position sample.
Similar to the methodology of comparing a simulated time series
to the true model, the propogated error bounds provide an acceptable deviation level because of the inherent errors associated
with physical measurements. In the ideal case, the underlying
model would fit completely between the associated error bounds
and have an average norm value less than the norm of the best
estimated time series compared to the upper/lower error bounds.
However, since this study limits the damping models to the the
ones described in Table 1, it is evident that the system may exhibit a form of damping unaccounted for, potentially affecting
the overall model fitting. In the subsequent sections, the calibration and measurement of the apparatus is explained along with
the uncertainty propagations associated with the measurements.

Fitted Model Norms
κi

κv

κq

κc

∑3j=1 κ j, j6=i

κv

0.09 ± 0.06

0.45 ± 0.06

0.51 ± 0.09

0.09 ± 0.09

κq

0.56 ± 0.07

0.07 ± 0.05

1.24 ± 0.1

0.12 ± 0.02

κc

0.65 ± 0.07

1.13 ± 0.05

0.12 ± 0.06

0.18 ± 0.02

is used to construct 68% confidence intervals. Fig. 3 shows that
the least error occurs when fitting a model that contains the true
damping model to the simulated data. This shows that comparisons between the confidence intervals of the norms is a viable
approach for retrieving the appropriate damping model.
A similar approach was taken to verify that this result was
consistent with simulating models with quadratic or coulomb
damping models. Ten noisy time series were obtained for each
damping model following a numerical simulation having a SNR
of 50:1 (R random number generator seed set to 150). Comparisons between the various model fits were determined by taking
the mean and standard deviations of the norms. Figures 4 and
5 summarize the resulting comparisons between the models. In
each case, Fig. 4 once again confirms that the fitted model containnig the true damping mechanisms yields tight error bounds
that are closest to zero. This confirms that the fitted damping
model with these error bounds is the most probable.
The numerical values of Figs. 3–5 are summarized in Tab.
2. Comparing the values of the fits, note the distinct upper and
lower bounds covered by the individual model fits. In each case,
the original model provides the closest value to the desired zero
norm establishing a relative comparison value to determine how
well other models fit. The paired models also provide a close
approximation to the true damping term, however, their lowest
bounds are slightly higher than that of the original. Although the
bounds intersect, none of the combinations have a smaller norm
than the true model comparison. In effect, the paired models use
multiple parameters for fitting providing increased flexibility to
fit a given model, however, they show a smaller range of uncertainty. In general, the results support the implementation of a statistical methodology to correctly predict the underlying damping
model. If the error bound is consistently held at a single standard deviation, then the correct model may be determined with
a high level of confidence despite the confidence level actually
being 68%.
This methodology may be extended to physical systems

EXPERIMENTAL APPARATUS
The pendulum apparatus used in this study is shown in
the CAD rendering of Fig. 6. It features a 3D printed ABS
pedestal with a rear-mounted FRABA MCD-AVP02-0012-S060CRW absolute magnetic rotary analog encoder for measuring angular positions. The rotating pendulum shaft is connected to the
encoder using a flexible shaft collar to account for any axial assembly misalignments. An aluminum threaded rod connects the
steel bob to the rotating shaft with the use of a split collar. During assembly, the clearance between the upper and lower halves
of the coupler were carefully measured to ensure equal spacing
on both sides. A large difference would impact the system’s balancing about the rotation axis. The calibration tower supporting
the bob on the left side of the figure was designed to aid in the
calibration of the pendulum. It features a quick-changing assembly height with the use of a set of specially designed cylinders
to ensure proper assembly alignment in any configuration. This
allows for a multi-point recalibration of the encoder, maximizing the output voltage range to the desired angular displacement.
The pendulum was positioned and attached to an optical table
(not shown) to ensure the calibration accuracy. Similarly, the
calibration pedestal was fixed to the metallic surface with the use
of magnets mounted on the underside of the instrument.

PENDULUM APPARATUS CALIBRATION
A number of pendulum parameters were measured to assist
in developing a geometric relationship for the angular displacement of the pendulum arm. Figure 7 summarizes the geometric
relationships, with the associated errors, of each parameter used
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FIGURE 6: CAD RENDERING OF PENDULUM APARATUS

WITH CALIBRATION PEDESTAL.
to determine the arm angle for an output voltage. The following
equations provide a bottom-up approach of the method used to
determine the desired angular displacement value. Based on Fig.
7, the end-resulting value of θ was calculated by Eqn. (7a). The
associated angular error δ θ was computed in Eqn. (7b) using the
multivariate differential of the angular formula [20, 21].
−1



θ = cos

∆h
larm

FIGURE 7: GEOMETRIC PENDULUM CALIBRATION REF-

ERENCE LAYOUT.
The diameters dsha f t and dbob were measured with a Starrett
796.1XRL-1 Electronic Outside Micrometer and lengths hover ,
hcal , and larm were measured with a Starrett 3752-12/300 Electronic Height Gage with a Starrett 708AZ Test Indicator.


(7a)

1
hsha f t = hover − dsha f t ,
2
1

δθ = −

r
larm

1−

2

δ ∆h +

(∆h)
(larm )2

∆h
r
(larm )2 1 −

(∆h)2
(larm )2

1
hbob = hcal + dbob ,
2

The necessary differential expressions were obtained using Wolfram Mathematica. The dependencies of Eqn. (7), the arm length
larm and vertical distance between bob and shaft center ∆h, were
determined by direct measurement and by Eqn. (8), respectively.

δ ∆h = δ hsha f t + δ hbob

(9)

1
δ hbob = δ hcal + δ hbob
2

(10)

δ larm
(7b)

∆h = hsha f t − hbob ,

1
δ hsha f t = δ hover + δ dsha f t
2

Four points were selected to produce the calibration curve
shown in Fig. 8 relating the encoder’s output voltage to the pendulum’s angle. A three-second time series was recorded for each
height sampling at 100 S/s (samples per second). The mean of
each time series was computed to give a best estimate for the
voltage output and the corresponding uncertainty was defined by
the values provided in the encoder manual: ±15mV for up to 5V,
and ±25mV for up to 10V. The best fit line as well as the two
maximum deviation lines in the plot were determined using an

(8)

The variables in Eqn. (8) are defined in Eqns. (9) and (10).
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exact linear least-squares fit approach considering errors in both
coordinates [22]. The lower subplot of Fig. 8 shows the lower
leftmost point of the upper subplot in greater detail. Note that all
three lines pass through the area enclosed by the error boundaries
indicating an excellent fit.
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TIME SERIES ANALYSIS
Figure 9 displays one time series recorded from the pendulum oscillations that has been appropriately scaled and shifted.
The scaling and shifting coefficients were determined from the
slope and intercept of the best fit line from the calibration curve.
Each set of data was multiplied by a constant, converting the
voltage readings into degrees, and shifted to be centered about
the horizontal axis using
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δ mbest
δVout δV0
+2
+
Vout
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δ θs = θs

2


(11b)
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where θs is the scaled and shifted angle and Vout is the encoder
output voltage. Variables mbest and V0 were taken from the best
fit line, representing the slope and intercept. The uncertainty in
the coefficients of the best fit curve were calculated by the linear
least-squares fit method [22]. Voltage uncertainty for each value
was fixed following the recommended values for output voltage
ranges provided in the encoder manual (±15mV for up to 5V,
and ±25mV for up to 10V).
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of Fig. 9 shows the entire time series of the pendulum while the
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two bounding curves representing the upper and lower bounds
based on propagated error. In the ideal case, a properly selected
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the upper and lower bounds of the time series. However, due to
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TABLE 3: SUMMARY OF `2 ERROR NORMS FOR FITTED DAMPING MODELS.

Error Bounds

κv

κq

κc

κv,q

κv,c

κq,c

κv,q,c

Mean Value:

0.09418

0.82469

1.41769

0.15843

0.30802

0.13205

0.13102

0.13249

Standard Deviation:

0.00137

0.03612

0.0454

0.01971

0.03956

0.01061

0.00998

0.00909

κq,c . The second best fitting model is the viscous-coulomb damping model, κv,c . Figures 13 and 14 show the fits for both of these
models for a selected time series. The resulting best fit damping models confirm that the prominent sources of energy dissipation are due to friction. Friction in the bearing is captured by the
coulomb damping model, while the air resistance encountered by
the swinging arm is accounted for by quadratic damping. Alternatively, the air drag may be approximated by the viscous damping model which provides a secondary best fit from the models
considered in this study. Although damping model κv,q,c combines the three individual models, it did not provide the best fit.
Depending on the physical model being studied, other damping
models may be added to the pool of potential damping models for
the system. However, as this study showed, including irrelevant
damping model may decrease accuracy. Therefore, if high level
of accuracy is desired, it is necessary to examine the different
combinations of the candidate damping models.
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the limited models in this study, this was not necessarily the case.
Following the methodology previously described in the Numerical Model Simulations section, the seven damping models in
Tab. 1 are fitted to the multiple experimental time series to determine which best captures the system’s dynamics.
Figures 10, 11, and 12 show the best fitted viscous,
quadratic, and coulomb friction damping models, respectively,
for the same single time series. Table 3 summarizes the `2 error
norms in the fit for all the models listed in Tab. 1. In addition, a
benchmark value was added to the table summarizing the norms
between the upper error bounds and best estimates. Note that
the numbers are reported to 5 decimals, which is beyond the correct number of significant figures, to aid with the comparisons.
Figure 15 provides a visual comparison for the same values. A
review of the tabulated values reveals that the model with error
bounds closest to zero is the quadratic-coulomb damping model,
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