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a b s t r a c t
This paper describes an approach for recovering a signal, along with the derivatives of the
signal, from a noisy time series. To mimic an experimental setting, noise was superimposed
onto a deterministic time series. Data smoothing was then used to successfully recover the
derivative coordinates; however, the appropriate level of data smoothing must be determined. To investigate the level of smoothing, an information theoretic is applied to show
a loss of information occurs for increased levels of noise; conversely, we have shown data
smoothing can recover information by removing noise. An approximate criterion is then
developed to balance the notion of information recovery through data smoothing with
the observation that nearly negligible information changes occur for a sufﬁciently
smoothed time series.
Ó 2010 Elsevier B.V. All rights reserved.

1. Introduction
It is rarely practical to measure each state variable in an experimental setting. To circumvent this issue, methods exist for
reconstructing a pseudo-state space from a small number of measured observables [1–3]. A primary beneﬁt of the reconstruction is that it produces a pseudo-state space with dynamics equivalent to those of the original state space. As a consequence of the equivalence, an attractor in the reconstructed state space has the same invariants, such as Lyapunov exponents
and dimension, as the original attractor [4].
While delayed embedding is the predominant choice for attractor reconstruction [3,5–8], the use of derivative coordinates is appealing, given their obvious physical meaning. For instance, many physical systems can be described by a set
of equations with states that are related through their derivatives. While the numerical derivatives of a signal can be used
for noise-free data, the presence of noise renders the signal derivatives to be poor approximates – owing to noise ampliﬁcation in the signal derivatives.
The inherent goal of signal analysis is to extract useful information about a system from the observed data. Consider a
continuous and deterministic system that has produced the scalar time series q(t). To mimic realistic data from an experiment, noise is superimposed onto the noise-free data as follows: g(t) = q(t) + ra(t), where a(t) is a time series with normally
distributed random noise, a zero mean, and a standard deviation equal to r. The underlying goal of this investigation is to
extract q(t) and the derivatives of q(t) from the noisy time series g(t).
This work investigates smoothing g(t) to recover q(t) and its derivatives. While the process of data smoothing is well
known, the question of how much smoothing yields accurate derivative coordinates is unclear. To answer this question,
we explored the use of an information theoretic, known as the average mutual information, to develop a criterion for the
appropriate amount of data smoothing.
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The work of this paper is organized as follows. The next section describes the data smoothing technique and average mutual information tools used in our analyses. These discussions are followed by a series of example results that apply the average mutual information to investigate the inﬂuence of noise and an approximate criterion for the level of data smoothing.
2. Example implementation
The investigations that follow use synthetic data generated from a Dufﬁng oscillator,

q00 þ lq0 þ x2 q þ bq3 ¼ C cos Xt;

ð1Þ

where a prime denotes a derivative with respect to time. Numerical simulation was used to generate a chaotic time series for
qðtÞ; q0 ðtÞ, and q00 ðtÞ while using the following parameters l = 0.2, x = 1, b = 1, C = 27, and X = 1.33; however, in an effort to
mimic the realistic challenges of an experiment, we have assumed only the noisy time series is observable g(t) = q(t) + ra(t).
The remainder of this section describes the application of data smoothing for noise removal and the use of the average mutual information to determine the appropriate smoothing level to recover the derivatives of q(t).
2.1. Noise removal with smoothing
Cubic splines are often applied to empirical data to estimate interim points or data points that lie between two measurements. The basic idea is to ﬁt the data with a piecewise polynomial,

sðtÞ ¼ bi0 þ bi1 ðt  ti Þ þ bi2 ðt  t i Þ2 þ bi3 ðt  t i Þ3 ;

ð2Þ

where the polynomial coefﬁcients bi0, bi1, bi2, and bi3 have subscripts that denote their validity between two neighboring data
points - the time interval from ti to ti+1. Therefore, cubic splines provide a piecewise ﬁt to the data while simultaneously giving a functional relationship for the derivatives of the data, i.e. after differentiation of Eq. (2). Furthermore, cubic splines invoke continuity in the signal and its ﬁrst two derivatives at the intersection of the neighboring time steps [9].
Smoothing splines, which differ from the typical cubic spline ﬁtting operation, provide a reﬁnement to the idea using a
polynomial to ﬁt empirical data. The basic difference lies in the introduction of a smoothing parameter which reduces noise
ampliﬁcation in the signal derivatives by balancing a ﬁt between the measured data g(t) and the smoothness in the second
derivative [10]. In the results that follow, cubic smoothing splines have been implemented; this approach obtains the polynomial coefﬁcients for Eq. (2) by minimizing
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Fig. 1. Two dimensional state space with graphs showing: (a) the actual q and q0 ; (b) the noisy time series g and the numerical derivative g0 when r = 0.1;
and (c) the smoothed version s of the noisy time series and the derivative of the smoothed signal s0 obtained when c = 99.95  102.
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Fig. 2. Average mutual information for different levels of noise intensity. Graphs denote the mutual information between the observable signal g and the
following signals: (a) q, (b) q0 , (c) q00 .
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where the notation gi = g(ti) and si = s(ti) has been applied over N-data points. The smoothing parameter c, provides a weight
to balance the smoothness in the second derivative with a ﬁt to the measured data.
The smoothing process can be illustrated with the following example. Consider the superposition of the scalar time series
q(t), generated from Eq. (1), with normally distributed random noise; this takes the form g(t) = q(t) + ra(t). In the absence of
noise, accurate derivative coordinates may be obtained from the numerical derivatives of the observed signal since g(t) = q(t)
and r = 0 (see attractor in Fig. 1a). If normally distributed random noise, with a standard of deviation r = 0.1, is added to the
the signal, Fig. 1b shows that the attractor generated by g(t) and g0 ðtÞ will signiﬁcantly differ from the attractor given by the
states q(t) and q0 ðtÞ. While the numerical derivative, denoted by g0 ðtÞ, contains an ampliﬁed amount of noise, the noise in the
higher-order numerical derivatives often overtakes the deterministic component of the signal. Here we note that the numerical derivative and derivative of the a cubic spline ﬁt, one without smoothing, are identical and both yield the time series
shown in Fig. 1b. The attractor of Fig. 1c shows the potential for smoothing the data since the time series for s(t) and sðtÞ0
closely replicate the time series shown in Fig. 1a for q(t) and qðtÞ0 .
2.2. Average mutual information
The mutual information between the measurement xi = x(ti), drawn from a set of measurements x, and a measurement
yj = y(tj), drawn from a set of measurements y, is the amount learned by the measurement of xi about the measurement
of yj. The average amount of information learned by comparing the measurements of signal x to the measurements of the
signal y is

Iðx; yÞ ¼

X
xi ;yj

pðxi ; yj Þ log

pðxi ; yj Þ
;
pðxi Þpðyj Þ

ð4Þ

where log was taken to be the natural log and p(xi, yj) is the joint probability density that a measurement drawn from the
signals x and y will result in the values of xi and yj [3,11]. The individual probability densities for the measurements xi in
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Fig. 3. Average mutual information and error results for a range of smoothing values and a ﬁxed noise level r = 0.1. Graphs (a) and (b) are error plots for the
smoothed velocity and acceleration, respectively. Graphs (c)–(f) show average mutual information plots for the corresponding variables. The smoothing
level that gives the smallest error is shown by a  on the plots with s0 and by a  on the plots with s00 .

x and yi in y are given by p(xi) and p(yj), respectively. If the two signals are completely independent of each other, which
indicates no information transfer, the joint probability factorizes to p(xi, yj) = p(xi)p(yj) [12]. For computational purposes, it
is convenient to rewrite Eq. (4) as

Iðx; yÞ ¼

X

pðxi ; yj Þ log pðxi ; yj Þ 

xi ;yj

X
xi

pðxi Þ log pðxi Þ 

X

pðyj Þ log pðyj Þ:

ð5Þ

yj

Fig. 2 shows a series of plots comparing the mutual information between the observable signal g and the signals qðtÞ; q0 ðtÞ,
and q00 ðtÞ. For each case, the shared information between the signals rapidly decreases for an increase in the noise intensity;
conversely, these graphs also show that a reduction in noise, either from smoothing the data or through an alternative approach, increases the shared information between the signals.
Before investigating the usefulness of the shared information and noise level trends, the following error equation is introduced to ascertain the goodness of ﬁt between any two signals

Eðx; yÞ ¼

N
1 X
jxi  yi j;
N i

ð6Þ

where E(x, y) is the total error obtained when the time series x and y are compared at each ti and i 2 [1, N]. For the investigations that follow, N = 18  103 data points were used.
The effect of different levels of data smoothing is illustrated through the graphs of Figs. 3 and 4. While the top graphs
show the error obtained when estimating q0 ðtÞ and q00 ðtÞ by smoothing the noisy observable g(t), the lower graphs show
the mutual information between various signals. Focusing on the results of Fig. 3, it is evident that smoothing will initially
cause a drastic increase in the mutual information between g(t) (or the smoothed version s(t)) and the smoothed estimates
of q0 ðtÞ and q00 ðtÞ, which have been labeled as s0 ðtÞ and s00 ðtÞ. However, once a sufﬁcient amount of noise has been removed,
the mutual information curve essentially plateaus - thus indicating that over smoothing the data will not signiﬁcantly alter
the shared information; in addition, the error graphs show that over smoothing will increase the errors of estimating q0 ðtÞ
and q00 ðtÞ with s0 ðtÞ and s00 ðtÞ.
While the results of Fig. 3 used r = 0.1, an increased noise level of r = 0.5 was used for the analyses shown in Fig. 4. In
addition to the multiple other cases investigated, these two ﬁgures demonstrate nearly identical trends. For instance, both
ﬁgures show that different levels of smoothing are required to produce the most accurate derivative coordinates. The mutual
information graphs also indicate that the best level of smoothing - the value that produces the most accurate derivative coordinates - occurs just after the bend in the mutual information curves.

B.P. Mann et al. / Commun Nonlinear Sci Numer Simulat 16 (2011) 2999–3004

a

b

c

d

e

f

3003

Fig. 4. Average mutual information and error results for a range of smoothing values and a ﬁxed noise level r = 0.5. Graphs (a) and (b) are error plots for the
smoothed velocity and acceleration, respectively. Graphs (c)–(f) show average mutual information plots for the corresponding variables. The smoothing
level that gives the smallest error is shown by a  on the plots with s0 and by a  on the plots with s00 .

2.3. Approximate smoothing criterion
While it was initially tempting to search for an exact smoothing level that yields the absolute minimum error, we found
this approach impractical, given the fact that the noisy time series is the only observable. Instead, we have focused on an
approximate criteria that leverages the trends in the mutual information curves. For instance, Fig. 5 shows unit-normalized
curvature and slope plots of the mutual information curves of Figs. 3 and 4; these were obtained by ﬁtting the function
f ðcÞ ¼ ðco þ c1 cÞð1 þ ec2 c Þ to the I(x, y) curves, where co–c2 are ﬁtted constants, and taking the derivatives with respect c.
Here, eI x;y represents the normalized slope of I(x, y) and j(Ix,y) denotes the normalized curvature of I(x, y). The correlation coefﬁcient obtained when ﬁtting f(c) to the mutual information curves of Figs. 3 and 4 are (a) 0.96, (b) 0.99, (c) 0.97, and (d) 0.96,
where the letters (a)–(d) correspond to the letters assigned to the graphs appearing in Fig. 5.
The shown in Fig. 5 indicate that the slope is initially large, but it rapidly decays to a constant value - indicating a leveling
off in the shared information between the smoothed signals for further levels of smoothing. Thus one idea would be to consider a small value  and to choose the smoothing level after the normalized slope dropped below . The problem with this
approach was that the choice of  was arbitrary. As an alternative, a threshold value could be adopted using the normalized
curvature. For instance, a range of accurate smoothing levels could be identiﬁed when the curvature exceeded a threshold .
However, once again, the choice of  is rather arbitrary - unless the two ideas are combined. Speciﬁcally, we contend that the
ﬁrst intersection of the normalized curvature and slope, where eI x;y ¼ jðIx;y Þ, should be used as the threshold ; the acceptable
range for c is then deﬁned by the normalized curvature that exceeds this threshold j(Ix,y) P . This was the approach taken
to successfully smooth the data shown in Fig. 1.
To summarize, the proposed criterion considers a range of acceptable smoothing levels as opposed to a single value. The
idea stems from the notion that data smoothing can remove noise and therefore recover information; this is conﬁrmed by
the shape of the I(x, y) curves and quantiﬁed through the normalized slope and curvature.
3. Conclusions
This paper described an approach to recover the derivative coordinates from a noisy time series. We have assumed the
underlying system was deterministic and continuous. Although a data smoothing technique was shown to successfully recover the derivative coordinates, a criterion was needed to ascertain the appropriate level of data smoothing. To investigate
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Fig. 5. Unit-normalized slope (solid line) and curvature (dotted line) plots of the mutual information curves of Figs. 3 and 4. Graphs give the slope and
curvature for: (a) Iðs; s0 Þ and r = 0.1, (b) Iðs; s00 Þ and r = 0.1, (c) Iðs; s0 Þ and r = 0.5, and (d) Iðs; s00 Þ and r = 0.5. The smoothing level that gives the smallest error
is shown by a  on the plots with s0 and by a  on the plots with s00 .

the best level of smoothing, we applied an information theoretic to show information loss for increased levels of noise intensity. Conversely, we also showed that data smoothing can recover information.
An approximate criterion was then developed that balanced the notion of recovering information from data smoothing
with the observation that nearly negligible information changes occur once the time series has been sufﬁciently smoothed.
In particular, the slopes and curvature of the mutual information curves were used to describe an approximate criterion for
an appropriate range of data smoothing - the range that provides the most accurate recovery of the derivative coordinates.
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