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This paper describes a new approach for ascertaining the stability of stochastic dynamical
systems in their parameter space by examining their time series using topological data
analysis (TDA). We illustrate the approach using a nonlinear delayed model that describes
the tool oscillations due to self-excited vibrations in turning. Each time series is generated
using the Euler-Maruyama method and a corresponding point cloud is obtained using the
Takens embedding. The point cloud can then be analyzed using a tool from TDA known as
persistent homology. The results of this study show that the described approach can be
used for analyzing datasets of delay dynamical systems generated both from numerical
simulation and experimental data. The contributions of this paper include presenting for
the ﬁrst time a topological approach for investigating the stability of a class of nonlinear
stochastic delay equations, and introducing a new application of TDA to machining processes.
& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Deterministic models for chatter in machining dynamics have been the subject of extensive research in recent years [1].
However, machining processes are inherently stochastic with many noise sources due, for example, to the variation of the
material parameters [2,3], external noise sources [4], and variations of the delay [5]. Thus, the scarcity of analysis tools for
stochastic delay systems remains a fundamental impediment to the continuous progress in the metal removal industry [6,7].
Stochastic equations are inﬁnite dimensional and therefore analysis tools from deterministic models are not readily
applicable to them. The analysis is more challenging if the dynamics involve delays so that the system model is a stochastic
delay differential equation SDDE). Since machine tool chatter is typically described by these difﬁcult systems, the number of
studies on stochastic machining dynamics remains small, particularly in comparison to its deterministic counterpart. We
note here that in addition to machining dynamics [3,4], SDDEs arise in many applications such as chemical kinetics [8] and
genetic networks [9]. Therefore, developing or extending analytical and numerical tools for their analysis continues to be an
active and important area of research.
For a limited number of SDDEs, stochastic calculus can be used to study the stability of the ﬁrst and second moments
[10]. If the delay is small, then the SDDE can be approximated using a stochastic differential equation without the delay term
[11]. An extension of the semi-discretization method for studying the moment stability of linear SDDEs with delays
appearing in the drift term only was described in [12]. Another method to investigate the stability of this class of equations
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uses the Lyapunov approach [13]. However, for the general case of SDDEs numerical simulation remains the most viable
method of analysis.
Euler–Maryuama and Milstein simulation methods, originally used to simulate stochastic differential equations, were
extended to SDDEs in [14–17] and [18], respectively. Numerical simulation provides a tool for generating path-wise solutions
that can be easier to investigate than the original SDDE. For example, instead of directly studying the mean square (or more
generally, the pth mean) stability of the SDDE which might be difﬁcult or impossible, the paths generated by numerical
simulation can be used [19–21]. The result of the numerical simulation is a time series or dataset that contains information
about the system dynamics. Developing data analysis tools for these datasets has two beneﬁts: (1) it provides a benchmark
for testing new methods for the analysis of SDDE, and (2) the same tools can be used to analyze data from real-world
applications, e.g. machining dynamics.
Some of the data analysis methods for non-delayed stochastic equations include principal component analysis [22,23],
multi-dimensional scaling [24], local linear embedding [25], Laplacian eigenmaps [26], Hessian eigenmaps [27], local tangent space alignment [28], and diffusion maps [29–31]. The ﬁrst step in many of these methods is to obtain a lowerdimensional representation of the underlying high-dimensional manifold. The hope is that the simpliﬁed representation
captures the main features of the underlying dynamics. One of the key assumptions in many of the prominent data analysis
methods for dynamical systems, e.g. diffusion maps, is that the underlying dynamics is Markovian. This precludes them
from being used to study SDDEs which are non-Markovian.
Frequency domain methods, typically based on Fourier transform and the power spectrum, have also been used for data
analysis especially when the signal is periodic. However, when the signal is non-periodic, the leakage effects inherent in
Discrete Fourier Transform (DFT) will result in errors unless the input is periodic and the length of the time series is equal to
the input's period [32]. Further, in the context of machining we are interested in changes in the time series associated with
the change of the cutting process from stable to unstable; however, frequency domain analysis does not account for changes
in the signal with time. Other issues with the frequency domain analysis include the limitations in analyzing trending time
series and data with quasi-periodic motion [33]—a common route to chaos which is often associated with unstable cuts [34].
In order to address these limitations, some success has been reported using time-frequency methods [35] and wavelets [36].
However, the topic of analyzing stochastic machining models remains an active area of research.
In this paper we explore data analysis tools for studying the stability of a stochastic turning model using topological data
analysis. These tools are applicable to datasets arising from both experiments as well as simulations of dynamical systems.
Speciﬁcally, we will use persistent homology [37–40] to automatically detect when changes in the system behavior indicative of chatter occur near the stability boundary of the linearized, noise-free model. In contrast to other data analysis tools,
persistent homology does not attempt to obtain a lower dimensional representation of a data set, but rather a lowdimensional descriptor which is easy to understand and which can be used to ﬁnd and measure properties of interest.
Persistent homology has found success in applications to many diverse ﬁelds such as neuroscience [41,42], genetics
[43,44], epidemiology [45], tracking [46,47], international relations [48], map reconstruction [49], sensor networks [50,51],
and image analysis [52]. Most recently, a great deal of work has looked at using persistence for signal analysis. The idea
behind this method is to use the Takens embedding [53] to turn a signal into a point cloud in high dimensional space and
analyze the resulting point cloud using persistence. In [54], it was shown that this method provides a framework to
parameterize dynamics; the procedure is also amenable to combination with machine learning for automation [55]. Variations of this idea along with broader applications of topology have been used to study signals from human speech [56],
wheezing in breathing signals [57], gene expression data [58–61], computer architecture [62,63], and character animation
[64]. See also Chap. 6 of [65] or [66] for the formulation of the procedure using cohomology.
The standard Takens theorem assumes that the system is deterministic and autonomous [53]. However, the theorem has
been extended to deterministic non-autonomous equations and to stochastic systems [67–69], as well as to inﬁnitedimensional dynamical systems [70]. Since the focus of this paper is on describing a topological approach for studying
nonlinear stochastic machining models, we utilize the standard Takens theorem with the understanding that embedding
timesets with large stochastic terms is likely to be unsuccessful. The extension of Takens theorem to nonlinear delay models
with large stochastic terms is outside the scope of this paper and it is a topic of active research.
We demonstrate the main concepts using a second order nonlinear stochastic delay equation with multiplicative noise
that models a single degree of freedom turning process. To keep the analysis clear, we only introduce one random component using a stochastic cutting force coefﬁcient where the source of stochasticity can be the variation in the temperature,
shear angle, or workpiece material properties. In particular, we study the model SDDE in the space of the non-dimensional
spindle speed and depth of cut, and we use Euler–Maruyama method to simulate the SDDE for different combinations of
these two process parameters. We show that as the value of the delay is varied as a result of varying the spindle speed,
persistent homology can be used to detect the change of the response from a steady state equilibrium to a periodic orbit
indicating the loss of stability through a Hopf bifurcation. We also demonstrate the effect of the noise intensity on the
stability diagrams.
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2. Background
In this section, we will cover the background necessary to describe the method of the experiment. We give brief
introductions to persistent homology (Section 2.1); to Takens embedding theorem (Section 2.2); and to the relationship
between periodicity and the maximum persistence (Section 2.3).
2.1. Persistent homology
We begin with an informal introduction to the subject of persistent homology, and direct the reader to [71,72] for a full
introduction to classical homology and to [73,40,39] for a more in-depth introduction to persistence. Suppose we are given a
point cloud drawn from a manifold and want to understand something about the underlying structure. To do this, we
consider expanding a collection of discs of the same radius centered at each point. We can then study the structure of the
union of these discs for a changing radius. In the example of Fig. 1, we start with a point cloud sampled from an annulus and
see that at a very small radius (around ðr ¼ 0:3ÞÞ, the collection of purple disks consists of a set of disconnected components.
At a slightly larger radius ðr ¼ 0:07Þ, these discs start to intersect, possibly forming small circular structures which ﬁll in at a
still slightly larger radius. What is very interesting is that at a relatively small radius (approximately r ¼ 0:9), we form a
circular structure representing the full annulus which takes a much longer time to ﬁll in than the small circular structures
seen previously. The goal of persistent homology is to quantify this intuition in a rigorous manor and use it to “measure” the
size of the annulus.
Next, we represent the union of discs in a combinatorial structure which is amenable to computation. This structure is
called a simplicial complex and can be thought of as a generalization of a graph. Whereas a graph has only nodes and edges,
a simplicial complex has nodes, edges, triangles, tetrahedra, and higher dimensional analogues, called simplices. A simplex σ
in the simplicial complex is represented by a subset of the nodes. In particular, given a set of points χ  Rn and a Z 0, we
approximate the structure of the union of discs by a particular simplicial complex called the Rips complex, Ra . This is a
simplicial complex which consists of a vertex vi associated to each point xi A χ , and has an edge ðvi ; vj Þ if the corresponding
points are within distance a of each other, J xi xj J ra. Then higher dimensional simplices are added whenever possible;
that is, the simplex σ is in Ra iff J xi xj J ra for all vi ; vj A σ .
The Rips complex for a particular a can be thought of as an approximate representation of the union of disks for radius
a=2 since an edge is added between two points at distance a exactly when two disks of radius a=2 touch. In the example of
Fig. 1, we draw edges to represent the Rips complex using a ¼ 2r for the labeled radius r. In addition, for visualization we

Fig. 1. A point cloud shown with collections of purple disks for several different radii are shown in the ﬁrst ﬁve ﬁgures; the persistence diagram for this
point cloud is given in the sixth ﬁgure. The Rips complexes, R2r , are drawn on top of the point clouds by drawing the edges, and then assuming that every
triangle which appears is ﬁlled in. The circular structure of the point cloud is reﬂected in the single point far from the diagonal in the persistence diagram.
The distance from this point to the diagonal is called the maximum persistence and can be used to quantify the circular structure.
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only draw edges, then assume that we have included the triangles and tetrahedra whenever they appear. Squares as in the
bottom left of the radius 0.9 ﬁgure will not be ﬁlled in.
Now that we have a way to represent the union of discs, we need a method for quantifying the changing structure seen.
This tool comes by way of homology, a construction from classical algebraic topology [71,72]. The idea is to represent a
particular type of structure of the space in a vector space, called the p-dimensional homology group and denoted H p ðXÞ
when computed for a space X. Note that we can always assume the homology groups are vector spaces since we work with
Z2 coefﬁcients. In this work, we focus on the 1-dimensional homology group, H 1 ðXÞ, which measures how many loops are
seen in the space. In particular, for a circle, the ﬁrst homology group is a vector space of rank one, thus telling us that the
circle has one loop. For a Fig. 8 structure, the rank of the ﬁrst homology group is two, representing the two loops in the
space. When we obtain these spaces from some sort of embedding in Euclidean space, such as when we take the circle or
Fig. 8 and draw them in the plane, homology is rotation and translation invariant; so the homology of 8 and 1 (as topological spaces) are the same. This paper focuses on studying the ﬁrst homology group for the Rips complex at various
diameters ai. For example, the rank of H 1 ðR0:6 Þ, given the point cloud in Fig. 1, is zero because there are no holes present in
the picture for radius r ¼ 0:3 ¼ a=2. The ranks of the ﬁrst homology groups for r ¼ 0:7; 0:9; 1:5; and 3 in the example are 2, 3,
1, and 0 respectively.
There is, however, quite a bit more information that we can take from these vector spaces. In particular, not only do we
have an understanding of the homology at a ﬁxed diameter a, but we can relate these vector spaces to each other as the
diameter parameter changes. Speciﬁcally, if r r s, we have an inclusion f : Rr ⟶Rs , and this induces a linear map on the
r;s
vector spaces, f  : H p ðRr Þ-H p ðRs Þ. Given any sequence of increasing 0 ra1 ra2 r⋯ ran , we have a ﬁltration,
R0 D Ra1 D⋯ DRan . Often, we choose the diameters fai g to be the collection of pairwise distances between points
f J vi  vj J gi;j , since these are exactly the times that the structure of the union of discs changes. Then we can collect these
inclusions into a sequence of inclusions of simplicial complexes, called a ﬁltration, written as
Ra1 ⟶Ra2 ⟶⋯⟶Ran :
Each of these inclusions gives a map on homology which can also be collected together in sequence
H p ðR0 Þ⟶Hp ðRa1 Þ⟶H p ðRa2 Þ⟶⋯⟶H p ðRan Þ:
This construction is called a persistence module. Through a theorem of Carlsson and de Silva [74], the information in a
persistence module can be uniquely represented by a persistence diagram. This is a collection of pairs (b,d), where each pair
corresponds to the diameter b when a feature appears, and the diameter d when that same feature disappears; the full
persistence diagram is often denoted D. In the last image in Fig. 1, we have drawn the 1-dimensional persistence diagram for
the given point cloud. Note that because there is a large circular structure that appears (is born) at a small diameter and gets
ﬁlled in (dies) at a much larger diameter in the union of disks, there is a point far from the diagonal in the persistence
diagram. Small loops that appear and disappear quickly in the set of expanding discs appear as points close to the diagonal.
In this way, we have a visual representation of the difference between classes which live a long time (and could be considered important), and the points representing short lived classes (and are often assumed to be noise). For this reason, we
usually draw the diagonal fðx; xÞ∣x A Rg into the persistence diagram along with the off-diagonal points to remind the
observer that points always appear above the diagonal, and that proximity to the diagonal implies that an off-diagonal point
is more likely to be noise.
2.2. The Takens embedding
The Takens embedding is a standard tool for time series analysis [33]. Given a time series X(t), which in practice is a set of
samples sn ¼ Xðt n Þ, ﬁx a time lag η 4 0 and choose a dimension m A Z 4 0 in which to embed the data. Then the Takens
embedding is a lift of the time series to the map to Rm

ψm
η : t⟼ðXðtÞ; Xðt þ ηÞ; …; Xðt þ ðm 1ÞηÞÞ:
Through an important theorem of Takens [53], we are justiﬁed in using the term “embedding” since, under the correct
parameter choices, this mapping preserves the structure of the underlying manifold and the dynamics of the system.
Of course, this embedding is sensitive to the choices of the parameters m and η. A choice of m which is too low means
that the structure of the embedding will not accurately reﬂect the dynamics; a high choice of m increases computation time
due to the curse of dimensionality. Additionally in the discrete setting, a large choice of m will also amplify noise since a
single value in the time series affects m points in the embedding. With respect to the lag parameter, a low choice of η means
that the data will be overly correlated and the data will cluster around the diagonal in Rm , yielding no information. On the
other hand, a high choice of η gives an embedding which will be too spread out to say anything useful.
Luckily, methods exist which can help to intelligently choose the embedding parameters. We used false nearest
neighbors [33] to determine embedding dimension m. This procedure works by ﬁnding “false” neighbors of a particular
point which are only close because of projections caused by an embedding dimension which is too low, and looking for a
high enough dimension to get rid of the majority of these. In order to choose the time lag parameter η, we used the
autocorrelation function cðηÞ [33]. The function cðηÞ gives information about how the points are distributed at the choice of
lag η. If they cluster around the diagonals Xðt i Þ ¼ Xðt i  ηÞ or Xðt i Þ ¼  Xðt i  ηÞ, the autocorrelation function will be positive or
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autocorrelation function.
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η to be the ﬁrst zero of the

2.3. Persistence and amplitude
Persistent homology, in some sense, measures the size of holes in manifolds. This study is concerned with quantifying
periodicity in a time series, which translates to a loop in the Takens embedding. Hence, we can compute the 1-dimensional
persistence of the generated point cloud in order to measure the size of this structure. An excellent study of the relationship
between a periodic signal and the maximum persistence can be found in [58].
First, consider the three signals in the ﬁrst row of Fig. 2. These are example signals from the experiment discussed in
Section 5. The ﬁrst consists of only noise, the second has periodic behavior with a small amplitude, and the last has periodic
behavior with a large amplitude. The Takens embedding for each is drawn in the second row; notice that because we
decided on the delay parameter η for each time series individually using the autocorrelation function, η is different for each
diagram. The periodic signals have embeddings with a circular structure, while the noisy signal has a point cloud which is a
dense blob. In order to quantify this observation, we can look at the persistence diagram for each, shown in the last row.
The noticeable difference between these diagrams is the appearance of an off-diagonal point which is far from the
diagonal. So, for this project, we will compare the persistence diagrams using the maximum persistence, deﬁned as
MaxPersðDÞ ¼ sup jd  bj
ðb;dÞ A D

for any diagram D. In this example, the ﬁrst persistence diagram has MaxPersðDÞ  1:5, the second has MaxPersðDÞ  0:25,
while the maximum persistence for the last diagram is nearly 0. So, the more periodic the signal, the more circular the point
cloud, the larger the maximum persistence.
This procedure is most useful because of its resilience to noise. A simple corollary to the stability theorem of CohenSteiner et al. [75] shows that if we have two point clouds which are close (here we mean in the Hausdorff distance), then the
difference in the computed maximum persistence will be even smaller. It should also be noted that the larger the amplitude,
the larger the hole in the circular structure, and thus the larger the maximum persistence. For these reasons, we use
maximum persistence to quantify periodicity.

Fig. 2. This example shows the relationship between periodicity and maximum persistence. The ﬁrst row contains three example signals, averaged from 20
realizations with δ ¼ :01 as discussed in Section 5 from parameter locations shown in Fig. 4 by the circle, triangle, and X, respectively. The second row
shows the Takens embedding of each, and the last row shows the respective 1-dimensional persistence diagrams with the diagonal marked. Note that the
periodic signals have a prominent off-diagonal point in the persistence diagram, while the non-periodic signal has no such point.
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3. Mathematical model
Fig. 3 shows the turning process that will be investigated in this study. In this ﬁgure, the tool is modeled as a linear
oscillator with a single degree of freedom in the y direction while the workpiece is assumed to be rigid. The cutting force F
acts at the tool tip and the resulting equation of motion reads
y€ þ2ζωn y_ þ ω2n y ¼

F
m

ð3:1Þ

where ζ is the damping ratio, ωn is the natural angular frequency of the tool, and m is the modal mass. We use the power
model for the cutting force [76,77] which is assumed to depend on the uncut chip area A shown in Fig. 3 according to
α

F ¼ Kwh

ð3:2Þ
2

where K is the mechanistic cutting coefﬁcient with units of N=m which relates the cutting force to the area of the uncut
chip A ¼ w  h, w is the depth of cut shown in Fig. 3, h is the chip thickness, and the exponent is typically chosen as α ¼ 0:75.
Since the tool is a dynamic system, it will oscillate under the action of the cutting force and leave behind a wavy surface
on the workpiece representing the history of the tool oscillations during one workpiece revolution. The tool will then
advance into the workpiece according to a set rate per spindle revolution h0 with units of m/rev, called the nominal feed
rate, where it will encounter the undulated surface that it left behind during the previous cut. Therefore, the uncut chip
thickness will vary dynamically because it depends on the current oscillations of the tool, represented by y(t) in Fig. 3, and
the oscillations left behind one spindle revolution earlier, represented by yðt  τÞ in the same ﬁgure. Here, τ ¼ 2π =Ω is the
time it takes to complete one spindle revolution corresponding to the spindle speed Ω rad/s. This coupling between the
cutting force and the current as well as the delayed oscillations of the tool can lead to self-regenerative vibrations which can
become unstable, thus giving rise to chatter.
If the tool oscillations are too large, then the tool will lose contact with the workpiece and the instantaneous chip
thickness will become zero since there is no material being cut. So, the instantaneous chip thickness can be written as
(
h0 þ yðt  τÞ  yðtÞ if yðtÞ  yðt  τÞ r h0
hðtÞ ¼
0
otherwise:
Note that the instantaneous chip thickness includes the contribution of the nominal feed rate h0 as well as the current and
the delayed tool oscillations given by y(t) and yðt  τÞ, respectively.
~
To reduce the number of parameters in Eq. (3.1), we use the rescaling described in [78]: let yðtÞ ¼ h0 yðtÞ
and rescale time
such that t~ ¼ ωn t and τ~ ¼ ωn τ. After dropping the tildes for the sake of notation, the resulting equation reads
y€ þ2ζ y_ þ y ¼

Kwð2π RÞα  1 α  1
ρ ð1 þyðt  τÞ yðtÞÞα ¼ bρα  1 ð1 þyðt  τÞ yðtÞÞα
mω2n

where R is the radius of the workpiece, ρ ¼ h0 =ð2π RÞ, and b is the dimensionless depth of cut. Typical values for
conventional turning are ρ o 0:01. The corresponding condition for the tool to be in contact with the workpiece is
yðtÞ  yðt  τÞ r 1:

ð3:3Þ

ρ in
ð3:4Þ

From Eq. (3.3) it can be seen that the constant steady state solution is bρα  1 . Eq. (3.3) and condition (3.4) are used in the
simulation to generate time series for the deterministic system.

Fig. 3. The turning process under study in this paper. The tool is compliant in y while the workpiece is assumed rigid. The parameter Ω represents the
spindle speed, R is the radius of the workpiece, h is the instantaneous chip thickness, w is the chip width, while y(t) and yðt  τÞ represent the tool
oscillations during the current and the previous periods, respectively.
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If we allow the dimensionless cutting coefﬁcient to become a stochastic variable due to variations in the workpiece
material, shear angle, or temperature effects, then we can write the stochastic non-dimensional cutting coefﬁcient b^ as
dB
b^ ¼ b þ δ
dt

ð3:5Þ

^ δ is the diffusion coefﬁcient,
where b is the average or nominal value of the stochastic non-dimensional cutting coefﬁcient b,
and B is standard Brownian motion. The coefﬁcient δ represents a measure of the stochasiticity in the system. In this
context, it speciﬁes the inhomogeneity in the material which, for instance, can be the result of strain hardening or man^
ufacturing imperfections. As δ-0, b-b
and the behavior of the stochastic system becomes more and more deterministic.
To elaborate, as δ approaches 0, the cutting coefﬁcient approaches the nominal value b thus modeling the workpiece as a
homogeneous material. Using the above deﬁnition, the stochastic delay differential equation describing the tool oscillations
is




ð3:6Þ
dY_ ¼  2ζ Y_  Y þb ρα  1 ð1 þYðt  τÞ  YðtÞÞα dt þ δ ρα  1 ð1 þ Yðt  τÞ  YðtÞÞα dB
where Eq. (3.6) is interpreted in the Itô sense [79].
Let h ¼ ð1 þYðt  τÞ  YðtÞÞ. We can write Eq. (3.6) as a pair of ﬁrst order equations for the position and velocity of the tool
according to
dY ¼ dY_ dt;



α
α
dY_ ¼  2ζ Y_  Y þ b ρα  1 h dt þ δ ρα  1 h dB:

ð3:7Þ

Eq. (3.7) is a nonlinear stochastic delay differential equation with multiplicative noise. In this paper, we use it in an
Euler–Maruyama simulation to generate the noisy time series in Section 5.

4. Numerical simulation
Two different simulations were used: an explicit Runge–Kutta triple via Matlab's DDE23 command for the deterministic
case in Eq. (3.3), and an Euler–Maruyama simulation for the stochastic system of Eq. (3.7). For the stochastic case, multiple
realizations of the solution path were generated for use in the analysis. The speciﬁcs of the experiments are discussed in
more detail in Section 5.
The system parameters that were used in the simulations are ζ ¼ 0:03, ρ ¼ 0:01, and α ¼ 0:75. The simulation was
performed over a 100  100 grid in the ðΩ=ωn ; bÞ space. Since the oscillations of the tool depend on the past oscillations, the
simulation must include a record of the surface left behind by the tool during previous spindle revolutions. This record is
called the history function The simulations were initialized by setting this history function equal to the steady state solution
bρα  1 for t A ½  τ; 0 and a small perturbation (we chose 0.01) was introduced at t ¼ 0 as shown in Fig. 5b. The information
obtained from the simulation was then used to update the proﬁle of the workpiece in subsequent revolutions as shown in
Fig. 5c.
4.1. Stability of the deterministic linearized model
To provide a basis of comparison for the results obtained using the described approach and to elucidate the effect of
noise on the system stability, we also studied the linearized stability analysis of the noise-free model (3.3). Eq. (3.3)
describes the oscillations of the tool assuming a deterministic model and is used for obtaining the stability of the linearized
deterministic system. Speciﬁcally, linearizing Eq. (3.3) around the steady state solution yields the linear delay differential
equation

ξ€ þ2ζ ξ_ þy ¼ αbρα  1 ðξðt  τÞ  ξðtÞÞ:

ð4:1Þ

Eq. (4.1) is a linear autonomous delay differential equation whose stability can be studied using several methods in the
literature, e.g. zero-order approximation [81], semi-discretization [82], Chebyshev collocation [83], or spectral element
method [80]. In this study, we use the spectral element method with one temporal element, a polynomial of degree 12, and
a 100  100 grid in the ðΩ=ωn ; bÞ plane, where Ω is the spindle speed given in rad/second, ωn is the natural frequency of the
tool, and b is the non-dimensional depth of cut introduced in Eq. (3.3). We suppress the details of the spectral element
method and instead refer the reader to [80] for a more thorough description.
The resulting stability diagram is shown in Fig. 4. Shaded regions are stable while unshaded regions are unstable. The
results are in agreement with the semi-discretization solution in [78]. Note that this line is drawn on the results shown in
Fig. 8, however it is provided only as a means for comparison.
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Fig. 4. The stability boundary for the linearized non-dimensional deterministic model (4.1) of the turning process calculated using the spectral element
method [80] is shown as the black line in the ﬁgure. The parameter values in the shaded region correspond to stable cutting, while the unshaded region
corresponds to unstable cutting. The circle, triangle, and X correspond to parameter choices for the signal examples given in Figs. 2 and 6.

4.2. Deterministic case simulation
Eq. (3.3) was simulated using Matlab's DDE23 function. The condition of Eq. (3.4) was monitored and the simulation was
terminated as soon as the tool lost contact with the workpiece. The system was simulated over t A ½0; 200, however the time
series corresponding to unstable cuts were shorter because the exit of the tool from the cut caused early termination of the
simulation.
4.3. Stochastic case simulation
Eq. (3.6) was simulated using the Euler–Maruyama method, described in [14], to generate the datasets. The Brownian
path was created using Matlab and the approach described in [84]. For a ﬁxed parameter pair ðΩ=ωn ; bÞ, the time series was
generated using Matlab's command rng(‘shufﬂe’) which seeds the random number generator based on the current time. The
equation was simulated over ½0; T where T ¼ M  τ and we chose M ¼ 25 . Therefore, as Ω=ωn varied, the end time of the
simulation varied according to
T ¼M τ¼M

2π
:
Ω=ωn

ð4:2Þ

The number of points for generating the Brownian path is N ¼ M  214 and the time steps for the Brownian path and for
the Euler–Maruyama simulation are dt and Δt, respectively. In this study, we set Δt ¼ dt ¼ M τ=N. This choice of the
simulation parameters enabled mapping the term Yðt  τÞ exactly onto both a point on the Brownian path and a point that
was simulated previously, thus eliminating the need for estimating intermediate values. The time for each spindle revolution, which is equal to the time delay, is an integer multiple of the simulation time step according to
N
M

τ ¼ Δt:

ð4:3Þ

This means that the proﬁle left behind in any workpiece revolution is discretized using N=M points.
We considered three values for the noise intensity in Eq. (3.7): δ ¼ 0:01, 0.03, and 0.05. Condition (3.4) was monitored
during the stochastic simulation; however, in contrast to the deterministic case, the simulation was not terminated when
the tool left the workpiece. Instead, the forcing term was turned off and the tool was subject to free oscillations. This means
that it was possible for the tool to go in and out of the cut multiple times during the duration of the simulation. Fig. 5 shows
four snapshots of the tool related to the loss of contact. Snapshots 1 and 2 show the tool right before and right after it lost
contact with the workpiece. Between snapshots 2 and 3 the tool experiences free damped oscillations outside of the cut
until it returns to the cut in snapshot 3. Consequently, during the next revolution the tool encounters the surface that was
not cut due to the loss of contact as shown by snapshot 4. The code kept track of all the loss of contact events and updated
the N=M surface proﬁle representation points left behind accordingly. Examples of the resulting series can be found in Fig. 6.

5. Experiments
We used persistent homology to analyze the time series generated by the numerical simulation. For every experiment,
each time series X Ω=ωn ;b ðtÞ was given as a series of samples sn ¼ X Ω=ωn ;b ðt n Þ for t n A ½0; T, where T depends on the value of
Ω=ωn as described in Eq. (4.2). Only the second half of the time series was retained in order to consider the portion of the
time series after transience. Because the simulated time series was quite dense (see Eq. (4.3)), the shortened time series was
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Fig. 5. Snapshots of the turning process. Each snapshot represents the tool at an instant in time during its constrained motion along the y-axis. (a) The
surface proﬁle is affected by tool oscillations along y. The tool is shown during four instants in time. At position 1, the tool is cutting the workpiece but due
to the cutting forces it disengages the workpiece at time instant 2. It then oscillates freely (not shown) until time instant 3 where it regains contact with the
workpiece until the end of the spindle revolution. Position 4 shows the time instant at the beginning of the next spindle revolution. The tool encounters the
surface left behind during the previous revolution including any surface left behind due to loss of contact, e.g., between the time instants 2 and 3. (b) The
history function during the ﬁrst revolution which describes the workpiece proﬁle for t r 0 is chosen to be the equilibrium solution with a small perturbation at t ¼ 0. (c) For subsequent revolutions (the second workpiece revolution is shown here), the surface proﬁle is updated according to the tool
oscillations in the previous revolution. As the workpiece spins, the surface proﬁle left behind from previous spindle revolutions becomes the history
function for the current revolution.

Fig. 6. Sample time series that show the (non-dimensional) oscillations of the cutting tool for three different combinations of the parameters Ω=ωn and b
written as a pair of values ðΩ=ωn ; bÞ in each column's heading. These three locations correspond to the points marked by a circle, triangle and an X in Fig. 4.
Each column corresponds to one of the ðΩ=ωn ) pairs while each row corresponds to a different value of the noise level δ. Within each ﬁgure we only show
two sample realizations (dashed, colored) as well as the pointwise average of 10 realizations (solid, black). To highlight the differences between the time
series, the scales of the y-axes for all the graphs are kept constant. (For interpretation of the references to color in this ﬁgure caption, the reader is referred
to the web version of this paper.)
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Fig. 7. The percentage of false nearest neighbors versus the embedding dimension calculated using the algorithm in [85]. Each graph corresponds to a pair
of values ðΩ=ωn ; bÞ in the parameter space of the turning process as indicated in the graphs’ headings. These three locations correspond to the points
marked by a circle, triangle and an X in Fig. 4. Within each ﬁgure the percentage of the false nearest neighbors is plotted for increasing values of the noise
level δ. For δ 40, performing the calculations on all the realizations produced very similar trends; therefore, we only show the results for one realization
per value of δ here.

subsampled in order to speed the persistence computation. This resulted in 264 remaining data points evenly distributed in
½T=2; T for all the time series both with and without noise.
The resulting time series was then embedded as a point cloud in R3 . The embedding dimension m ¼ 3 was determined
using the standard false nearest neighbor algorithm [85]. Speciﬁcally, Fig. 7 shows that an embedding dimension of 3 is
sufﬁcient to reconstruct the phase space as evidenced by the drop of the corresponding percentage of the false nearest
neighbors to less than 4.5% for all the considered cases. In the false nearest algorithm, the value of the threshold for
designating a neighbor as a false neighbor was chosen to be Rtol ¼ 10. We used the standard deviation of the time series as
an estimate of the attractor size, and for the second criteria of the embedding algorithm for ﬁnding if the nearest neighbor is
not necessarily close to a data point we picked the threshold Atol ¼ 2.
Each point cloud was reconstructed from the signal using a time lag η that was determined using the ﬁrst zero of the
autocorrelation function for that particular time series. Consequently, the point cloud consisted of points

ψ 3η ðt n Þ ¼ ðX Ω=ωn ;b ðt n Þ; X Ω=ωn ;b ðt n þ ηÞ; X Ω=ωn ;b ðt n þ 2ηÞÞ
for t n A ½T=2; T 2η. Persistence was computed for this point cloud using the M12 package [86], and the maximum persistence of the 1-dimensional persistence diagram was saved.
The ﬁrst experiment was designed to test the noise-free case. One time series was computed for each parameter pair
ðΩ=ωn ; bÞ and maximum persistence of the Takens embedding was computed. The results of this experiment are shown in
Fig. 8 (top right).
To study the effect of stochasticity on the results, the maximum persistence was computed for two collections of time
series. First, for each parameter pair ðΩ=ωn ; bÞ and each noise value δ ¼ 0:01; 0:03, and 0.05, we generated ten realizations of
the time series and computed the maximum persistence for each. The second row of Fig. 8 shows the average maximum
persistence for these realizations for different choices of δ. Second, we generated twenty realizations of the time series for
each ðΩ=ωn ; bÞ pair and computed the point-wise average X Ω=ωn ;b ðtÞ of these realizations. That is, if X iΩ=ωn ;b represents the ith
time series, then the resulting time series was
X Ω=ωn ;b ðt Þ ¼

20
1 X
Xi
ðt Þ:
20 i ¼ 1 Ω=ωn ;b

ð5:1Þ

Persistence was then computed for X Ω=ωn ;b and the results are shown for the three noise values in the third row of Fig. 8. For
easier comparison, the stability boundary for the deterministic case computed using the spectral element method is drawn
using a white boundary line on all diagrams.

6. Results and discussion
The results of the described approach are shown in Fig. 8. It is important to notice that each row in Fig. 8 uses a different
color scale. Since the simulation of the noise-free case is terminated as soon as the tool leaves the cut, the corresponding
time series have a much smaller amplitude in comparison to the stochastic cases. In contrast, for the stochastic cases the
simulation continues after the tool leaves the cut but the cutting forces are turned off and the tool's governing equation
becomes that of an unforced harmonic oscillator. We believe the reason for the difference between the function values for
the second (average of maximum persistence) and third (maximum persistence of the average) rows of Fig. 8 is caused by
periodic behavior in the averaged time series which has a smaller amplitude because of the averaging process on
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Fig. 8. Stability diagrams obtained using the described topological data analysis approach. The top left graph is a reproduction of Fig. 4 with some regions
near the boundary labeled to facilitate the analysis in Sections 6 and 7. The top right graph is the stability diagram for the noise-free case. The second row
shows the stability diagrams obtained using the average of maximum persistence of 10 realizations of the stochastic Eq. (3.7). The third row shows the
same stability diagrams using the maximum persistence of the pointwise average of 20 realizations. The overlaid white line in rows two and three is the
same as the black line in the noise-free stability diagram. Note that the color scale is different for each row. (For interpretation of the references to color in
this ﬁgure caption, the reader is referred to the web version of this paper.)

realizations which are out of phase (e.g. see the last example time series of Fig. 2). As discussed in Section 2.3, signals with a
small amplitude have smaller maximum persistence, thus lowering the overall maximum persistence values.
For the case of noise-free turning described by Eq. (3.3), Fig. 8 (top right) shows that the persistence diagram captures the
stability behavior predicted numerically using the spectral element method. This can be seen by comparing the coloring of
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the ﬁgure with the stability boundary obtained using the spectral element approach represented by the overlaid white line.
The ﬁgure shows that the maximum persistence switches from almost zero in the stable region to positive values over a
boundary that closely follows the numerically calculated stability boundary. Therefore, even though the simulation was
terminated as soon as the tool jumped out of the cut, persistence was still able to detect the onset of chatter associated with
going from a stable equilibrium to an unstable oscillatory behavior via Hopf bifurcation.
For the stochastic cases, particularly the case δ ¼ 0:01, the ﬁrst graph in the second and third rows of Fig. 8 show a
stability behavior similar to the noise-free case for regions a, b, c, and d of the parameter space that are marked on top left
graph of Fig. 8. Regions b and d appear to be most resilient to the injection of noise since the sharp increase near these
locations is still particularly pronounced, even for the δ ¼ 0:03 and δ ¼ 0:05 cases. In contrast to the noise-free case, we
notice that the unstable region permeates the stability boundary in the e region for all levels of noise (see the second and
third rows of Fig. 8). The inﬁltration of the unstable region through boundary e progressively increases as the noise level is
increased. This can be inferred from the higher persistence values in that region which suggests the emergence of oscillatory
behavior indicative of chatter. This shift in the stability boundary due to the inﬂuence of stochastic parameters can be
attributed to stochastic resonance [2].
A careful investigation of regions a, b, c, and d in rows 2 and 3 of Fig. 8 shows that as δ increases the maximum
persistence in regions a and c decreases while it increases in regions b and d. This suggests that noise can have a stabilizing
effect near the a and b regions of the stability boundary.
Finally, if we compare rows 2 (average of maximum persistence) and 3 (maximum persistence of the average) of Fig. 8,
we notice that the average of maximum persistence retains and represents more information than the maximum persistence of the average. Speciﬁcally, the regions where stability switches as indicated by a jump in the maximum persistence
are more well-deﬁned in row 2. Further, the changes in the maximum persistence values are smoother in row 2 than in row
3, which can be seen by the more pronounced boundaries for regions with close maximum persistence values. This can be
explained by (1) the stability of persistence diagrams to noise and (2) by the invariance of persistence to translation and
rotation of the point cloud.
To elaborate on (2), we note that multiple realizations of continuous time series from a stochastic process typically
include variability in rate and amplitude. This means that the resulting point clouds of the different realizations will be
translated and rotated relative to each other. Consequently, directly taking the pointwise average of the replicates, as was
done in row 3 of Fig. 8, destroys some of the data. An example of this can also be seen from the time series of the replicates
in the third column of Fig. 6 where the shift in the signals due to stochasticity causes part of the information in the time
series to be lost when the average is taken. Persistence is invariant to translation and rotation of the point cloud; therefore,
taking the average of maximum persistence preserves more information from the different realizations since persistence in
some sense ‘aligns’ the salient topological features of the different realizations before taking the average of their maximum
persistence.

7. Conclusions
The results of this study show that persistent homology captures the change in the qualitative behavior of the system
associated with a bifurcation. In the context of machining dynamics, this means that persistence is a viable tool for detecting
the onset of chatter.
The approach we describe is general and applicable to a variety of dynamical systems. However, in the context of chatter
detection, one of the salient features of our approach in comparison to existing chatter detection methods is that it uses the
topology of the underlying manifold of the dynamical system in order to detect behavioral changes indicative of chatter.
Further, the current approach allows for the investigation of stochastic models with nonlinearities and delays in a systematic
and quantitative way.
Although the datasets that we investigated were generated using simulation, the developed method is equally applicable
to experimental data. The analysis showed that increasing the noise intensity changes the side of the stability lobes that is
likely to experience more abrupt transitions to chatter. Further, in addition to the destabilizing effect that noise can have due
to the stochastic resonance mechanism, it can also have a stabilizing effect as evidenced by the decrease of maximum
persistence when increasing δ in regions a and c of Fig. 8. The stabilizing/destabilizing effect can be explained by the
coexistence of attractors in the process with possible stochastic resonance. Future work includes ﬁne-tuning the method so
that the stability boundary can be identiﬁed with higher resolution especially at higher noise levels. The results in Fig. 8 also
show that when multiple realizations of the stochastic process are available, then combining the information that they
contain by utilizing the resulting persistence diagrams instead of directly using the replicate time series leads to better
results. This is largely due to the invariance of persistence diagrams to translation and rotation of the point cloud and their
resistance to noise.
In the future, we are interested in using different pipelines for the data with methods that more closely reﬂect the
qualities of the system of study. The approach can be improved by using the extended Takens theorem for stochastic
systems [68–70] especially in the context of delay models. We hypothesize that the loss of stability structure for greater
amounts of noise in region e of Fig. 8 is due to the inadequacy of Takens standard theorem for highly stochastic equations.
We remark, however, that the structure observed for small amounts of noise, particularly around regions a–d, demonstrates
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the ability and the potential of the described approach to detect the underlying dynamics even with poor embedding of the
point cloud.
In addition, this research has many further questions in the area of persistence. First, we are using only a small sliver of
the information stored in the persistence diagrams, largely for ease of computation and visualization. It would be fascinating
to see if the addition of the full information from the persistence diagram, or the addition of the newly developed statistical
models for persistence diagrams [87–92] would improve the analysis. In addition, we want to ﬁnd fast and efﬁcient ways to
compute the persistent homology of the Takens embedding so that these methods can be used online. This may require
applying tools such as zigzag persistence [74] to be able to add and remove simplices in order to maintain the persistence of
the Takens embedding for a short history without needing to recompute it at each time. Additionally, an implementation
using persistent cohomology could give more information back about the periodicity observed using the persistence diagram [66]. The task could also be aided by utilizing the newly emerging theory of multidimensional persistence [93] in order
to study the homology of a changing point cloud while still taking the diameter parameter into account. These are all
subjects of our current investigations.
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