
ScienceDirect
IFAC-PapersOnLine 48-12 (2015) 340–345

Available online at www.sciencedirect.com

2405-8963 © 2015, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.
Peer review under responsibility of International Federation of Automatic Control.
10.1016/j.ifacol.2015.09.401

Firas A. Khasawneh et al. / IFAC-PapersOnLine 48-12 (2015) 340–345

© 2015, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.

Stability Analysis of Machining Processes
Using Spectral Element Approach

Firas A. Khasawneh ∗

∗ SUNY Polytechnic Institute, Mechanical Engineering,
Utica, NY 13502, USA(e-mail: firas.khasawneh@sunyit.edu)

Abstract: The stability analysis of machining processes is of utmost importance in order to
guarantee high removal rates while at the same time maintaining acceptable surface finish and
tool life. One of the key mechanisms for losing stability in machining is chatter vibration, which
is a self-excited vibration due to the surface regeneration effect. This type of chatter occurs due
to the variation in the dynamic cutting load between successive tool or workpiece rotations. A
common approach to capture this dependency on prior states is to model the machining process
using delay differential equations. Since chatter has detrimental effects on the cutting process,
the ability to predict the combinations of the cutting process parameters that will result in
chatter-free cutting is highly desirable. In this paper we describe how the stability of turning
and milling processes can be studied using the spectral element approach. The results show that
this approach can successfully predict the chatter-free regime in turning and milling. Further,
we describe how recent numerical implementations of the approach to a wider class of delay
equations can enable the analysis of more complex and realistic machining models.
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1. INTRODUCTION

Conventional material removal processes such as turning
and milling still constitute a large class of modern machin-
ing processes. Therefore, it is beneficial to optimize these
processes such that the maximum amount of material
is removed while at the same time satisfying important
manufacturing constrains such as the surface quality, tool
life, and noise level.

One of the most prominent problems in machining pro-
cesses is regenerative chatter which is typically referred
to simply as chatter (Quintana and Ciurana (2011)).
These variations are the result of the phase shift between
the cutting marks left on the surface between successive
tool/workpiece revolutions. A well-accepted mechanism
for explaining and describing chatter includes delays in
the governing equation of the system. The resulting delay
differential equations (DDEs), which also appear in many
areas of science and engineering, have been an active topic
of research for over six decades. Both frequency (Altintaş
and Budak (1995); Otto et al. (2014)) and time domain
(Insperger and Stépán (2004); Butcher et al. (2009); Kha-
sawneh et al. (2012)) methods were developed to ascertain
the stability of machining models. One of the recent meth-
ods that has been successfully used to study the stability of
delay differential equations is the spectral element method
(Khasawneh and Mann (2011a)). The spectral element
approach is robust and flexible and it is capable of fast con-
vergence as was shown in Tweten et al. (2012). Therefore,
it can have useful applications in the study of machining
models and delay equations in general.

In this paper the stability analysis of DDEs using the
spectral element approach (SEA) is first described. We

then use the SEA to study the stability of a turning
and a milling model. The resulting stability diagrams,
which chart the chatter and the chatter-free regime in
the space of the cutting depth and the spindle speed, are
presented and compared to results from the literature. The
paper concludes with some available and some possible
extensions for the approach.

2. STABILITY ANALYSIS WITH SPECTRAL
ELEMENT METHOD

In order to simplify the presentation, we describe the
stability analysis for systems of the form

dx

dt
= A(t)x(t) +B(t)x(t− τ), (1)

where A and B are the d × d system matrices, and τ is
the time delay. In this paper, we consider the autonomous
(A(t) = A,B(t) = B) case and the non-autonomous time-
periodic case (A(t+ T ) = A(t), B(t+ T ) = B(t)), and we
study the corresponding stability of stationary solutions
(autonomous case) and periodic orbits (non-autonomous
case) of (1). Although the approach can be used for
arbitrary T to τ ratios (Khasawneh and Mann (2013)),
we restrict the presentation to the case τ = T , i.e., to
constrained meshes.

Since it is often impossible to deal directly with the
infinite dimensional DDE (1), it must first be discretized
to produce a finite dimensional approximation. The idea
is that as the degree of approximation increases, the
solution of the finite dimensional problem converges to
that of the infinite dimensional problem. The goal of the
approximation is to construct a finite dimensional dynamic
map in the form

xm = Uxm−1, (2)
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we restrict the presentation to the case τ = T , i.e., to
constrained meshes.

Since it is often impossible to deal directly with the
infinite dimensional DDE (1), it must first be discretized
to produce a finite dimensional approximation. The idea
is that as the degree of approximation increases, the
solution of the finite dimensional problem converges to
that of the infinite dimensional problem. The goal of the
approximation is to construct a finite dimensional dynamic
map in the form

xm = Uxm−1, (2)
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Abstract: The stability analysis of machining processes is of utmost importance in order to
guarantee high removal rates while at the same time maintaining acceptable surface finish and
tool life. One of the key mechanisms for losing stability in machining is chatter vibration, which
is a self-excited vibration due to the surface regeneration effect. This type of chatter occurs due
to the variation in the dynamic cutting load between successive tool or workpiece rotations. A
common approach to capture this dependency on prior states is to model the machining process
using delay differential equations. Since chatter has detrimental effects on the cutting process,
the ability to predict the combinations of the cutting process parameters that will result in
chatter-free cutting is highly desirable. In this paper we describe how the stability of turning
and milling processes can be studied using the spectral element approach. The results show that
this approach can successfully predict the chatter-free regime in turning and milling. Further,
we describe how recent numerical implementations of the approach to a wider class of delay
equations can enable the analysis of more complex and realistic machining models.
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1. INTRODUCTION

Conventional material removal processes such as turning
and milling still constitute a large class of modern machin-
ing processes. Therefore, it is beneficial to optimize these
processes such that the maximum amount of material
is removed while at the same time satisfying important
manufacturing constrains such as the surface quality, tool
life, and noise level.

One of the most prominent problems in machining pro-
cesses is regenerative chatter which is typically referred
to simply as chatter (Quintana and Ciurana (2011)).
These variations are the result of the phase shift between
the cutting marks left on the surface between successive
tool/workpiece revolutions. A well-accepted mechanism
for explaining and describing chatter includes delays in
the governing equation of the system. The resulting delay
differential equations (DDEs), which also appear in many
areas of science and engineering, have been an active topic
of research for over six decades. Both frequency (Altintaş
and Budak (1995); Otto et al. (2014)) and time domain
(Insperger and Stépán (2004); Butcher et al. (2009); Kha-
sawneh et al. (2012)) methods were developed to ascertain
the stability of machining models. One of the recent meth-
ods that has been successfully used to study the stability of
delay differential equations is the spectral element method
(Khasawneh and Mann (2011a)). The spectral element
approach is robust and flexible and it is capable of fast con-
vergence as was shown in Tweten et al. (2012). Therefore,
it can have useful applications in the study of machining
models and delay equations in general.

In this paper the stability analysis of DDEs using the
spectral element approach (SEA) is first described. We

then use the SEA to study the stability of a turning
and a milling model. The resulting stability diagrams,
which chart the chatter and the chatter-free regime in
the space of the cutting depth and the spindle speed, are
presented and compared to results from the literature. The
paper concludes with some available and some possible
extensions for the approach.

2. STABILITY ANALYSIS WITH SPECTRAL
ELEMENT METHOD

In order to simplify the presentation, we describe the
stability analysis for systems of the form

dx

dt
= A(t)x(t) +B(t)x(t− τ), (1)

where A and B are the d × d system matrices, and τ is
the time delay. In this paper, we consider the autonomous
(A(t) = A,B(t) = B) case and the non-autonomous time-
periodic case (A(t+ T ) = A(t), B(t+ T ) = B(t)), and we
study the corresponding stability of stationary solutions
(autonomous case) and periodic orbits (non-autonomous
case) of (1). Although the approach can be used for
arbitrary T to τ ratios (Khasawneh and Mann (2013)),
we restrict the presentation to the case τ = T , i.e., to
constrained meshes.

Since it is often impossible to deal directly with the
infinite dimensional DDE (1), it must first be discretized
to produce a finite dimensional approximation. The idea
is that as the degree of approximation increases, the
solution of the finite dimensional problem converges to
that of the infinite dimensional problem. The goal of the
approximation is to construct a finite dimensional dynamic
map in the form

xm = Uxm−1, (2)

Proceedings of the 12th IFAC Workshop on Time Delay Systems
June 28-30, 2015. Ann Arbor, MI, USA

Copyright © IFAC 2015 340

where xm and xm−1 are the vectors of the discretized
states on [−τ + T, T ] and [−τ, 0], respectively, whereas
U is the monodromy matrix, which represents a finite
dimensional approximation to the infinite dimensional
monodromy operator. The monodromy operator U corre-
sponds to the evolution family E of the linearized system
(Diekmann et al. (1995)) evaluated in the coefficients’
period T with initial instant 0, i.e., U = E(T, 0). This
operator maps the initial state defined on [−τ, 0] into the
state one T later, [T − τ, T ]. The stability of the system is
then investigated using the eigenvalues of U according to
the criteria shown in Fig. 1.

Fig. 1. The stability criteria dictates that all the eigen-
values, µ, of the monodromy operator U , should lie
within the unit circle in the complex plane.

The first step for ascertaining the stability of (1) using
SEA is to discretize the period [0, T ] using a finite number
of temporal elements E. Each element is described by the
interval

ej = [tLj , t
R
j ), (3)

where tLj and tRj denote the left and right element bound-
aries, respectively, with the length of the jth element given
by

hj = tRj − tLj . (4)

The index j starts at the leftmost element on the time
line, i.e., e1 = [−τ,−τ + h1). A local normalized time
η = σ/hj is defined within each element where σ ∈ [0, hj ]
is the local time while η ∈ [0, 1]. The barycentric Lagrange
formula is then used to obtain an approximate expression
for the states over each element using n+ 1 distinct, local
interpolation nodes normalized by hj according to

xj(t) =

n+1∑
i=1

φi(η)xji, (5)

where xji = xj(ti) with i indicating the ith local inter-
polation node, and φi are the trial functions that can
be calculated using the barycentric Lagrange formula in
Higham (2004)

φi(η) =

�i

η−ηi

n+1∑
k=1

�k

η−ηk

, (6)

where for node ηk the trial functions must satisfy

φi(ηk) =

{
1, i = k

0, i �= k.
(7)

while the barycentric weights �k are given by

�k =
1∏

k �=j (ηj − ηk)
, j = 1, . . . , n+ 1. (8)

In this study we use (6) to obtain the trial functions
since it has better numerical stability and requires less
computation than the conventional Lagrange representa-
tion, see Berrut and Trefethen (2004); Higham (2004). The
barycentric weights can also be used to obtain the value
of the derivative of the trial functions evaluated at the
interpolation nodes according to

φ′
i(ηk) =





�i/�k

ηi − ηk
, i �= k

n+1∑
i=0,i�=k

−�i/�k

ηi − ηk
, i = k

. (9)

Substituting the expression from (5) into (1) gives

n+1∑
i=1

1

hj
φ̇i(η)xji −A(tLj + η)

n+1∑
i=1

φi(η)xji

−B(tLj + η)

n+1∑
i=1

φi(η)x(j−ne),i = error, (10)

where the residual error is due to the approximation
procedure while ne indicates the number of elements used
to discretize the states in [0, T ]. We emphasize that this
presentation assumes a constrained mesh and temporal
elements of uniform length.

We minimize the errors in a weighted integral sense (10)
(Reddy (1993)) over each temporal element. Specifically,
(10) is multiplied by a set of independent weight functions
ψp(η) where p = 1, 2, . . . , n and is integrated over the
normalized length of each element within the constrained
mesh according to

1∫

0

[n+1∑
i=1

1

hj
φ̇i(η)xji −A(tLj + η)

n+1∑
i=1

φi(η)xji

−B(tLj + η)

n+1∑
i=1

φi(η)xj∗,i

]
ψp(η) dη = 0. (11)

In this study we chose the weight functions to be the set
of the n shifted Legendre polynomials.

The weighted residual integral in Eq. (11) is often difficult
to evaluate analytically. Therefore, analytical integration
is substituted by a quadrature rule which uses n + 1
quadrature points over each element, which coincide with
the n+ 1 interpolation nodes, according to

n+1∑
k=1

wk

(n+1∑
i=1

1

hj
φ̇i(ηk)xji −A(tLj + ηk)

n+1∑
i=1

φi(ηk)xji

−B(tLj + ηk)

n+1∑
i=1

φi(ηk)xj∗,i

)
ψp(ηk) = 0, (12)

where ηk and wk are the quadrature nodes and weights,
respectively.

To construct a dynamic map, each discretization point
in [0, T ] is mapped by τ . Since (1) is linear in xji and
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Fig. 2. Example discretization of the state-space over the period T when τ = T . Figure (a) shows the discretization of
the time-line over each T using 3 temporal elements with 5 nodes within each element. Figure (b) describes the
sizes of the resulting map matrices H, G, and U when the DDE is assumed to be of first order.

xj∗,i, applying (12) to all the elements using the n weight
functions yields a set of d×n algebraic equations (d is the
order of the DDE). In addition, enforcing a condition that
relates the discretized states from the previous period to
the states at t = 0 gives d additional equations for a total
of d(n + 1) equations. We note here that the conditions
providing the continuity at the end points of neighboring
elements (that is xj−1,n+1 = xj,1) are embedded into the
vectors xm and xm−1.

Consider for example the state-space discretization shown
in Fig. 2a for a DDE with τ = T . The goal here is to
approximate the monodromy matrix by constructing a
map between the delayed states denoted by the blue ‘X’
and the states one period ahead, denoted by the green
‘O’. Notice that the interval [0, T ] was discretized using 3
elements and 5 interpolation nodes within each element.
To describe mapping the states, consider the 3rd node
within the 5th element. The local time for this node is
η3 while the global time is t7 since globally this is the
7th node. Since T = τ , due to the delay τ this node will
look back at a corresponding node in the previous period
and the local time for that delayed node will also be η3.
Therefore, for the case T = τ no interpolation is necessary
since the delayed states always line up with a mesh
point. Mapping all the discretized states in [0, T ] is done
in a similar fashion. All the coefficients multiplying the
states on [0, T ] are arranged into a matrix H whereas the
coefficients multiplying the states on [−T, 0] are arranged
into another matrix G.

Using the example discretization in Fig. (2)a and assuming
the DDE is of first order, then the sizes of the resulting
H and G matrices are shown in Fig. 2b. Recall that
the stability is determined by the eigenvalues of the
monodromy matrix U = H−1G. Note that for this case
the entries are block matrices aligned in a band near the
diagonal and all the entries off this band are zeros except
the last d rows. These last d rows in both the H and the G
matrix contain the d × d identity matrix multiplying the
point x(0) to enforce the continuity condition at t = 0.

The coefficients of the discretized states in the intervals
[0, T ] and [−T, 0] can be arranged into two matrices: H
and G, respectively. The resulting mapping from the states
xm ∈ [0, T ] onto xm−1 ∈ [−T, 0] is described by the

dynamic map

xm = H−1Gxm−1 = Uxm−1. (13)

where U = H−1G is the monodromy matrix described in
(2). Alternatively, the inversion of H can be avoided by
solving the generalized eigenvalue problem |G − µH| = 0
for the eigenvalues µ. The stability of (1) is then ascer-
tained by examining the eigenvalues µ (or characteristic
multipliers) of U : the system is stable if all the eigenvalues
are within the unit circle in the complex plane, as shown
in Fig. 1.

The case of autonomous DDEs or of DDEs with T =
τ results in a constrained mesh where each temporal
element in [−τ, 0] is mapped exactly onto a corresponding
element in [−τ + T, T ]. When these cases are combined
with an appropriate choice of discretization points, such
as Legendre-Gauss points, the SEA gives rise to fast
convergence as the number of points is increased (called
super-convergence, see Engelborghs et al. (2000)).

3. STABILITY ANALYSIS OF A TURNING MODEL

As a first example to demonstrate the applicability of
SEA to machining models, we investigate the stability in
turning a rigid workpiece with a flexible too. We assume
that the cutting tool is flexible along the y direction as
shown in Fig. 4. The equation of motion for this single
degree of freedom system can therefore be written as

ÿ + 2ζωẏ + ω2y =
F

m
, (14)

where ζ is the damping ratio, ω is the natural frequency of
the tool, m is the modal mass, and F is the cutting force.
We use the power model for the cutting force which is
assumed to depend on the uncut chip thickness according
to

F = Kywh
α, (15)

where Ky is the mechanistic cutting coefficient, w is the
depth of cut, h is the chip thickness, and the exponent
is typically chosen as α = 0.75. Due to the compliance
of the tool, the chip thickness varies dynamically in time
according to

h =

{
h0 + y(t− τ)− y(t) if y(t)− y(t− τ) ≤ h0

0 otherwise
(16)
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Fig. 2. Example discretization of the state-space over the period T when τ = T . Figure (a) shows the discretization of
the time-line over each T using 3 temporal elements with 5 nodes within each element. Figure (b) describes the
sizes of the resulting map matrices H, G, and U when the DDE is assumed to be of first order.

xj∗,i, applying (12) to all the elements using the n weight
functions yields a set of d×n algebraic equations (d is the
order of the DDE). In addition, enforcing a condition that
relates the discretized states from the previous period to
the states at t = 0 gives d additional equations for a total
of d(n + 1) equations. We note here that the conditions
providing the continuity at the end points of neighboring
elements (that is xj−1,n+1 = xj,1) are embedded into the
vectors xm and xm−1.

Consider for example the state-space discretization shown
in Fig. 2a for a DDE with τ = T . The goal here is to
approximate the monodromy matrix by constructing a
map between the delayed states denoted by the blue ‘X’
and the states one period ahead, denoted by the green
‘O’. Notice that the interval [0, T ] was discretized using 3
elements and 5 interpolation nodes within each element.
To describe mapping the states, consider the 3rd node
within the 5th element. The local time for this node is
η3 while the global time is t7 since globally this is the
7th node. Since T = τ , due to the delay τ this node will
look back at a corresponding node in the previous period
and the local time for that delayed node will also be η3.
Therefore, for the case T = τ no interpolation is necessary
since the delayed states always line up with a mesh
point. Mapping all the discretized states in [0, T ] is done
in a similar fashion. All the coefficients multiplying the
states on [0, T ] are arranged into a matrix H whereas the
coefficients multiplying the states on [−T, 0] are arranged
into another matrix G.

Using the example discretization in Fig. (2)a and assuming
the DDE is of first order, then the sizes of the resulting
H and G matrices are shown in Fig. 2b. Recall that
the stability is determined by the eigenvalues of the
monodromy matrix U = H−1G. Note that for this case
the entries are block matrices aligned in a band near the
diagonal and all the entries off this band are zeros except
the last d rows. These last d rows in both the H and the G
matrix contain the d × d identity matrix multiplying the
point x(0) to enforce the continuity condition at t = 0.

The coefficients of the discretized states in the intervals
[0, T ] and [−T, 0] can be arranged into two matrices: H
and G, respectively. The resulting mapping from the states
xm ∈ [0, T ] onto xm−1 ∈ [−T, 0] is described by the

dynamic map

xm = H−1Gxm−1 = Uxm−1. (13)

where U = H−1G is the monodromy matrix described in
(2). Alternatively, the inversion of H can be avoided by
solving the generalized eigenvalue problem |G − µH| = 0
for the eigenvalues µ. The stability of (1) is then ascer-
tained by examining the eigenvalues µ (or characteristic
multipliers) of U : the system is stable if all the eigenvalues
are within the unit circle in the complex plane, as shown
in Fig. 1.

The case of autonomous DDEs or of DDEs with T =
τ results in a constrained mesh where each temporal
element in [−τ, 0] is mapped exactly onto a corresponding
element in [−τ + T, T ]. When these cases are combined
with an appropriate choice of discretization points, such
as Legendre-Gauss points, the SEA gives rise to fast
convergence as the number of points is increased (called
super-convergence, see Engelborghs et al. (2000)).

3. STABILITY ANALYSIS OF A TURNING MODEL

As a first example to demonstrate the applicability of
SEA to machining models, we investigate the stability in
turning a rigid workpiece with a flexible too. We assume
that the cutting tool is flexible along the y direction as
shown in Fig. 4. The equation of motion for this single
degree of freedom system can therefore be written as

ÿ + 2ζωẏ + ω2y =
F

m
, (14)

where ζ is the damping ratio, ω is the natural frequency of
the tool, m is the modal mass, and F is the cutting force.
We use the power model for the cutting force which is
assumed to depend on the uncut chip thickness according
to

F = Kywh
α, (15)

where Ky is the mechanistic cutting coefficient, w is the
depth of cut, h is the chip thickness, and the exponent
is typically chosen as α = 0.75. Due to the compliance
of the tool, the chip thickness varies dynamically in time
according to

h =

{
h0 + y(t− τ)− y(t) if y(t)− y(t− τ) ≤ h0

0 otherwise
(16)
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where h0 is the nominal feed rate per revolution while
τ is the duration of one spindle rotation. To reduce the
number of parameters in (14), we use the rescaling used in
Insperger et al. (2008). Let y(t) = h0ỹ(t) and rescale time
such that t̃ = ωt and τ̃ = ωτ . After dropping the tildes,
the resulting equation reads

ÿ + 2ζẏ + y =
Kyw(2πR)α−1

mω2
ρα−1(1 + y(t− τ)− y(t))α

= Kρα−1(1 + y(t− τ)− y(t))α (17)

where R is the radius of the workpiece, ρ = h0/(2πR), and
K is the dimensionless depth of cut. Typical values for ρ in
conventional turning are ρ < 0.01. In this paper we assume
that the tool remains in contact with the workpiece, i.e.,
we ignore the fly-over effect. From (17) it can be seen that
the constant steady state solution is Kρα−1.

0.5 1 1.5 2 2.5 3
0

0.05

0.1

0.15

0.2

0.25

Fig. 3. The stability diagram for Eq. (18) using ζ = 0.03,
ρ = 0.01, and α = 0.75.

Linearizing Eq. (17) around the steady state solution ,we
get the linear delay differential equation

ξ̈ + 2ζξ̇ + y = αKρα−1(ξ(t− τ)− ξ(t)) (18)

Equation (17) describes the oscillations of the tool assum-
ing a deterministic model and it will be used for obtaining
the stability of the linearized deterministic system.

h

Fig. 4. The turning process under study in this paper. The
tool is compliant in x while the workpiece is assumed
rigid.

Equation (18) is linear autonomous delay differential equa-
tion whose stability can be studied using several methods
in the literature, e.g., zero-order approximation (Altintaş
and Budak (1995)), semi-discretization (Insperger and
Stépán (2004)), Chebyshev collocation (Butcher and Bo-
brenkov (2011)), or spectral element method (Khasawneh
and Mann (2011a)). In this study we use the spectral
element method with one temporal element, a polynomial
of degree 12, and a 100× 100 grid in the (Ω/ωn,K) plane.

The resulting stability diagram is shown in Fig. 3 in
the (Ω/ωn, b) space where Ω is the spindle speed in
radians/seconds while ωn is the natural frequency of the
tool. Shaded regions are stable while unshaded regions are
unstable. The results are in agreement with the analytical
stability results for simple turning processes in Stépán
(1989).

4. STABILITY ANALYSIS OF A MILLING MODEL

The SEA can also be used with non-autonomous machin-
ing models. For example, consider the schematic in Fig. 5
of a flexible milling tool (the workpiece is assumed to be
rigid). The equation of motion for this system generalized
for N straight cutting teeth is

MẌ(t)+CẊ(t)+KX(t) = bKc(t) [X(t)−X(t− τ)]+bfo(t)
(19)

where X(t) = [x(t) y(t)]T is the position vector of the tool
tip, M, C and K are the 2×2 mass, damping and stiffness
matrices, while Kc and fo are the τ -periodic specific
cutting force variation matrix and stationary cutting force
vector, respectively, where the tooth passage period in
seconds is τ = 60/NΩ. The variables Kc(t) and f0(t) are
given by

Kc(t) =

N∑
p=1

gp(t)

[
−Ktcs−Kns

2 −Ktc
2 −Knsc

Kts
2 −Kncs Ktsc−Knc

2

]
,

(20a)

fo(t) =

N∑
p=1

gp(t)f

[
−Ktcs−Kns

2

Kts
2 −Kncs

]
, (20b)

where s = sin θp(t), c = cos θp(t), Kt and Kn are the tan-
gential and normal cutting force coefficients, respectively,
b is the nominal depth of cut, f is the nominal feedrate,
and gp(t) is a switching function which is equal to one if
the pth tooth is active and zero if it is not cutting (Minis
and Yanushevsky (1993); Tlusty (2000); Altintaş (2000);
Davies and Balachandran (2000); Davies et al. (2002);
Altintas et al. (2008)). The angle θp(t) is the angular
position of the pth tooth. For a cutter with evenly spaced
teeth, θp(t) = (2πΩ/60)t + p2π/N where Ω is the spindle
speed given in revolutions per minute (or rpm) and N is
the total number of cutting teeth.

When the structure is compliant only in a single direction,
(19) is modified by eliminating the rows and columns cor-
responding to the non-compliant direction. For simplicity,
we assume that the tool is only compliant in y and we write
the simplified version of (19) in state space form according
to

ẏ(t) = Ay(t) +By(t− τ) + c. (21)

Equation (21) is now in the form described in (1), so the
SEA can be used to study its stability. Since the term c
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Fig. 5. Mechanical model of a 2 DOF milling operation.

does not affect the stability of the system, we omit it from
the stability calculations.

Figures 6 and 7 show the stability diagrams for up- and
down-milling, respectively, with 4 teeth and different val-
ues of the radial immersion (ae). The parameters that were
used in the model are shown in table 1. The stability dia-
grams were obtained on a 200×200 grid using one spectral
element and a 30th order interpolation polynomial. The
stability diagrams obtained using SEA agree with the ones
obtained using a Chebyshev-based approach (Bobrenkov
et al. (2010)).
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Fig. 6. Upmilling with 4-teeth and radial immersion (ae)
(a) ae = 0.25, (b) ae = 0.5, (c) ae = 0.75, and (d)
ae = 1.0.

Process parameters Kt (N/m2) Kn (N/m2) ζ
5.5× 108 2× 108 0.0032

Tool parameters m (kg) ωn (rad/s) N
2.5729 920.24 4

Table 1. The parameters used in the milling
model.
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Fig. 7. Downmilling with 4-teeth and (a) ae = 0.25, (b)
ae = 0.5, (c) ae = 0.75, and (d) ae = 1.0.

5. CONCLUSION

The spectral element approach allows refining both the
order and the number of the spectral elements as well
as their location which makes it a useful and flexible
tool for studying the stability of machining processes. In
addition to its flexibility, the SEA typically has high rates
of convergence (Tweten et al. (2012)).

Although the SEA was presented here using two machin-
ing models with one discrete delay, it can also be used
with more complicated models that include multiple dis-
crete delays and distributed delays (Khasawneh and Mann
(2011b, 2013)). These models emerge, for example, when
milling with tools that have variable pitch or helical tools
with variable helix angles.

Since the SEA is a time-domain approach, it is well-suited
for non-autonomous systems. Future research directions
include extending the approach to study the stability of
linearized state-dependent delay models (Insperger et al.
(2007)), machining of distributed components (Bravo et al.
(2005)), and stochastic machining models (Buckwar et al.
(2006); Kuske (2006); Otto et al. (2015)).
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Fig. 5. Mechanical model of a 2 DOF milling operation.

does not affect the stability of the system, we omit it from
the stability calculations.

Figures 6 and 7 show the stability diagrams for up- and
down-milling, respectively, with 4 teeth and different val-
ues of the radial immersion (ae). The parameters that were
used in the model are shown in table 1. The stability dia-
grams were obtained on a 200×200 grid using one spectral
element and a 30th order interpolation polynomial. The
stability diagrams obtained using SEA agree with the ones
obtained using a Chebyshev-based approach (Bobrenkov
et al. (2010)).
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Fig. 6. Upmilling with 4-teeth and radial immersion (ae)
(a) ae = 0.25, (b) ae = 0.5, (c) ae = 0.75, and (d)
ae = 1.0.

Process parameters Kt (N/m2) Kn (N/m2) ζ
5.5× 108 2× 108 0.0032

Tool parameters m (kg) ωn (rad/s) N
2.5729 920.24 4

Table 1. The parameters used in the milling
model.
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Fig. 7. Downmilling with 4-teeth and (a) ae = 0.25, (b)
ae = 0.5, (c) ae = 0.75, and (d) ae = 1.0.

5. CONCLUSION

The spectral element approach allows refining both the
order and the number of the spectral elements as well
as their location which makes it a useful and flexible
tool for studying the stability of machining processes. In
addition to its flexibility, the SEA typically has high rates
of convergence (Tweten et al. (2012)).

Although the SEA was presented here using two machin-
ing models with one discrete delay, it can also be used
with more complicated models that include multiple dis-
crete delays and distributed delays (Khasawneh and Mann
(2011b, 2013)). These models emerge, for example, when
milling with tools that have variable pitch or helical tools
with variable helix angles.

Since the SEA is a time-domain approach, it is well-suited
for non-autonomous systems. Future research directions
include extending the approach to study the stability of
linearized state-dependent delay models (Insperger et al.
(2007)), machining of distributed components (Bravo et al.
(2005)), and stochastic machining models (Buckwar et al.
(2006); Kuske (2006); Otto et al. (2015)).
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