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ABSTRACT
This paper describes a new approach for ascertaining the stability of autonomous stochastic delay equations in their parameter space by examining their time series using topological data
analysis. We use a nonlinear model that describes the tool oscillations due to self-excited vibrations in turning. The time series
is generated using Euler-Maruyama method and then is turned
into a point cloud in a high dimensional Euclidean space using
the delay embedding. The point cloud can then be analyzed using persistent homology. Specifically, in the deterministic case,
the system has a stable fixed point while the loss of stability is
associated with Hopf bifurcation whereby a limit cycle branches
from the fixed point. Since periodicity in the signal translates
into circularity in the point cloud, the persistence diagram associated to the periodic time series will have a high persistence point.
This can be used to determine a threshold criteria that can automatically classify the system behavior based on its time series.
The results of this study show that the described approach can
be used for analyzing datasets of delay dynamical systems generated both from numerical simulation and experimental data.

of the delay [5]. However, the lack of analysis tools for stochastic
delay systems remains a fundamental impediment to the continuous progress in the metal removal industry.
Stochastic equations are infinite dimensional and therefore
analysis tools from deterministic models are not readily applicable to them. The analysis is more challenging if the dynamics involve delays and the system model is a stochastic delay differential equation (SDDE). Since self-regenerative chatter is typically
described by delay equations, the number of studies on stochastic machining dynamics remains small, particularly in comparison to its deterministic counterpart. We note here that in addition
to machining dynamics [3, 4], SDDEs arise in many applications
such as chemical kinetics [6] and genetic networks [7]. Therefore, developing or extending analytical and numerical tools for
their analysis continues to be an active and important area of research.
For a limited number of SDDEs, stochastic calculus can be
used to study the stability of the first and second moments [8].
If the delay is small, then the SDDE can be approximated using a stochastic differential equation without the delay term [9].
An extension of the semi-discretization method for studying the
moment stability of linear SDDEs with delays appearing in the
drift term only was described in Ref. [10]. Another method to
investigate the stability of this class of equations uses Lyapunov
approach [11]. However, for the general case of SDDEs numerical simulation remains the most viable method of analysis.
Euler-Maryuama and Milstein simulation methods were extended to stochastic differential equations in [12–15] and [16],
respectively. Numerical simulation provides a tool for gener-

INTRODUCTION
Deterministic models for chatter in machining dynamics
have been the subject of extensive research in recent years [1].
However, machining processes are inherently stochastic with
many noise sources due, for example, to the variation of the material parameters [2, 3], external noise sources [4], and variations
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ating path-wise solutions that can be easier to investigate than
the original SDDE. For example, instead of directly studying the
mean square (or more generally, the pth mean) stability of the
SDDE, which might be difficult or impossible, the paths generated by numerical simulation can be used [17–19]. The result
of the numerical simulation is a time series or dataset that contains information about the system dynamics. Developing data
analysis tools for these datasets has two benefits: 1) it provides
a benchmark for testing new methods for the analysis of SDDE,
and 2) the same tools can be used to analyze data from real-world
applications, e.g., machining dynamics.
Edge length killing homology class

Some of the data analysis methods for non-delayed stochastic equations include principal component analysis [20, 21],
multi-dimensional scaling [22], local linear embedding [23],
Laplacian eigenmaps [24], Hessian eigenmaps [25], local tangent space alignment [26], and diffusion maps [27–29]. The first
step in many of these methods is to obtain a lower-dimensional
representation of the underlying high-dimensional manifold. The
hope is that the simplified representation captures the main features of the underlying dynamics. One of the key assumptions
in many of the prominent data analysis methods for dynamical
systems, e.g., diffusion maps, is that the underlying dynamics is
Markovian. This precludes them from being used to study SDDEs which are non-Markovian.

Edge length giving birth to homology class

FIGURE 1. A point cloud and its persistence diagram. The circular
structure of the point cloud is reflected in the single point far from the
diagonal in the persistence diagram. The distance from this point to the
diagonal can be used to quantify the circular structure.

In this paper we explore data analysis tools for studying
the stability of a stochastic model for turning using topological
data analysis. These tools are applicable to datasets arising from
both experiments as well as simulations of dynamical systems.
Specifically, we will use persistent homology to automatically
detect when changes in the system behavior indicative of chatter occur near the stability boundary of the linearized, noise-free
model. In contrast to other data analysis tools, persistent homology does not require the system to be Markovian and it does not
attempt to obtain a lower dimensional representation of a data
set, but rather a low-dimensional descriptor which is easy to understand and which can be used to find quantities of interest.

PERSISTENT HOMOLOGY
Persistent homology is a powerful tool arising in the context of Topological Data Analysis (TDA). It has found success
in applications to many diverse fields such as neuroscience [30],
medicine [31], sensor networks [32,33], and image analysis [34].
We begin with an informal introduction to the subject, and direct
the reader to [35, 36] for a full introduction to classical homology and to [37] for an introduction to persistence. Suppose we
are given a point cloud drawn from a manifold and want to understand something about the underlying structure of the manifold.
To do this, we consider expanding discs centered at each point.
We can then study the structure of the union of these discs for a
changing radius. In the example of Fig. 1, we see that at a very
small radius, we have merely a set of disconnected components.
At a slightly larger radius, these discs start to intersect, possibly
forming small circular structures which fill in at a slightly larger
radius. What is very interesting is that at a relatively small radius, we form a circular structure around the full shape, but this
takes a much longer time before it fills in.
In particular, given a set of points χ ⊂ Rn , we approximate
the structure of the union of discs by a Rips complex, Rr . This
is a simplicial complex which consists of a vertex vi associated

We demonstrate the main concepts using a second order
nonlinear stochastic delay equation with multiplicative noise that
models a single degree of freedom turning process. The stochastic component is introduced using a stochastic cutting force coefficient where the source of stochasticity can be the variation
in the temperature, shear angle, or workpiece material properties. In particular, we study the model SDDE in a region near the
the stability boundary of the corresponding linearized, noise-free
model and use Euler-Maruyama method to simulate the SDDE.
We show that as the value of the delay is varied persistent homology can be used to detect the change of the response from a
steady state equilibrium to a periodic orbit indicating the loss of
stability through a Hopf bifurcation.
2
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cloud using persistence.
The delay embedding is a standard tool for time series analysis [43]. Given a time series X(t), which in practice is a set
of samples sn = X(tn ), fix a delay η > 0 and chose a dimension
m ∈ Z>0 in which to embed the data. Then the delay embedding
is a lift of the time series to the map to Rm
ψηm : t 7−→ (X(t), X(t + η), · · · , X(t + (m − 1)η)).

FIGURE 2. A schematic for understanding the birth and death of a
persistent homology class. Classes are born if they do not appear in the
image of the previous homology group under the maps induced by the
filtration, and die when they merge with this image.

Through an important theorem of Takens [44], we are justified in using the term “embedding” since, under the correct
parameter choices, this mapping preserves the structure of the
underlying manifold and the dynamics of the system.

to each point xi ∈ χ, and has an edge (vi , v j ) any time the corresponding points are within distance r of each other, kxi − x j k ≤ r.
Then higher dimensional simplices are added whenever possible;
that is, the simplex σ is in Rr iff kxi − x j k ≤ r for all vi , v j ∈ σ .
Notice that since Rr ⊂ Rs for r < s, we have a filtration {Rr }r>0 .
Let H p (Rr ) be the p-dimensional homology with Z2 coefficients. The inclusion f : Rr ,→ Rs induces a map on homology,
f∗r,s : H p (Rr ) → H p (Rs ). A value r is called a homological critical value if for all sufficiently small δ > 0, f∗r−δ ,r : H p (Rr−δ ) →
H p (Rr ) is an isomorphism. Because we are interested in a finite
point cloud χ, there are finitely many homological critical values; call them r1 , · · · , rn . Note that these radii are a subset of the
set of pairwise distances between the points. For simplicity, we
r ,r
will replace Rri with Ki and f∗ i j with f∗i, j .
A class γ is said to be born at ri if γ ∈ H p (Ki ) and it is not in
the image of f∗i−1,i : H p (Ki−1 ) → H p (Ki ). This same class dies at
r j if it merges with the image of H p (Ki−1 ) when entering H p (K j );
that is, if f∗i, j−1 (γ) is not in f∗i−1, j−1 (H p (Ki−1 )) but f∗i, j (γ) is
in f∗i−1, j (H p (Ki−1 )). The persistence of the class is its lifetime,
r j − ri . See Fig. 2.
To visualize this information, each class γ which is born at ri
and dies at r j has a point drawn at (ri , r j ) in what is called a persistence diagram. Classes which have small persistence show up
as points close to the diagonal; classes which have large persistence appear as points far from the diagonal. In this way, we have
a visual representation of the difference between classes which
live a long time (and could be considered important), and the
points representing short lived classes (and are often assumed to
be noise).

Theorem 1 (Takens Theorem). Let M be a compact manifold of dimension m. For pairs (ϕ, y), ϕ : M → M a smooth diffeomorphism and y : M → R a smooth function, it is a generic
property that the map Φϕ,y : M → R2m+1 given by
Φϕ,y (x) = (y(x), y(ϕ(x)), · · · , y(ϕ 2m (x)))
is an embedding.
Of course, this embedding is sensitive to the choices of the
parameters m and η. A choice of m which is too low means
that the structure of the embedding will not accurately reflect the
dynamics; a high choice of m increases computation time due to
the curse of dimensionality. A low choice of η means that the
data will be overly correlated and the data will cluster around the
diagonal in Rm , yielding no information. On the other hand, a
high choice of η gives an embedding which will be too spread
out to say anything useful.
Luckily, methods exist which can help to intelligently
choose the parameters. For the purposes of this paper, we
are interested in 1-dimensional structure. Since Taken’s theorem implies that 1-dimensional structure will be visible in 3dimensional space, we have chosen m = 3.
The choice of the η comes from the autocorrelation function. First, given samples (X(t1 ), · · · , X(tN )) for evenly spaced ti ,
approximate the mean and variance of the underlying distribution
using the observed values,

µ̂ =
The Delay Embedding
Since its introduction in 2000 [38], persistence has found
many applications. Most recently, a great deal of work has
looked at using persistence for signal analysis [39–42]. The idea
behind this method is to use the Takens embedding, also known
as the sliding window embedding, to turn a signal X(t) into a
point cloud in high dimensional space and analyze this point

1 N
∑ X(ti ),
N n=1

σ̂ 2 =

N
1
(X(tn ) − µ̂)2 .
∑
N − 1 n=1

Then the autocorrelation at lag η where η is a multiple of ti −ti−1
and η  (tN − t1 ) is given by

c(η) =
3

1
hX(ti )X(ti − η)i − µ̂ 2
(X(ti )− µ̂)(X(ti −η)− µ̂) =
.
2
σ̂
σ̂ 2
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where h0 is the nominal feed rate per revolution. To reduce the
number of parameters in Eq. (1), we use the rescaling used in
[45]: let y(t) = h0 ỹ(t) and rescale time such that t˜ = ωt and τ̃ =
ωτ. After dropping the tildes, the resulting equation reads
Ky w(2πR)α−1 α−1
ρ
(1 + y(t − τ) − y(t))α
mω 2
= Kρ α−1 (1 + y(t − τ) − y(t))α
(4)

ÿ + 2ζ ẏ + y =

where R is the radius of the workpiece, ρ = h0 /(2πR), and K is
the dimensionless depth of cut. Typical values for ρ in conventional turning are ρ < 0.01. The corresponding condition for the
tool to be in contact with the workpiece is

h

y(t) − y(t − τ) ≤ 1.
FIGURE 3. The turning process under study in this paper. The tool is
compliant in x while the workpiece is assumed rigid.

From Eq. (4) it can be seen that the constant steady state solution
is Kρ α−1 . Equation (4) along with condition (5) will be used in
a simulation to generate time series for the deterministic system.
If we allow the dimensionless cutting coefficient to become
a stochastic variable due to variations in the workpiece material, shear angle, or temperature effects, then we can write the
stochastic cutting coefficient K̂ as

The function c(η) gives information about how the points are
distributed at the choice of lag. If they cluster around the diagonals X(ti ) = X(ti − η) or X(ti ) = −X(ti − η), the autocorrelation
function will be positive or negative, respectively. If, however,
the points are evenly spread out, c(η) = 0. Thus, we can choose
η to be the first zero of the autocorrelation function.

K̂ = K̄ + δ
MATHEMATICAL MODEL
We assume that the workpiece is rigid and that the cutting
tool is flexible along the y direction as shown in Fig. 3. The
equation of motion for this single degree of freedom system can
therefore be written as
ÿ + 2ζ ω ẏ + ω 2 y =

F
m

(6)

(1)

dẎ = −2ζ Ẏ −Y + K̄ρ α−1 (1 +Y (t − τ) −Y (t))α dt

+ δ ρ α−1 (1 +Y (t − τ) −Y (t))α dB. (7)
Where Eq. (7) is interpreted in the Itô sense [46].
Let h = (1 + Y (t − τ) − Y (t)), then we can write Eq. (7) as
a pair of first order equations for the position and velocity of the
tool according to

(2)

dY = dẎ dt,

where Ky is the mechanistic cutting coefficient, w is the depth of
cut, h is the chip thickness, and the exponent is typically chosen
as α = 0.75. Due to the compliance of the tool, the chip thickness
varies dynamically in time according to
(
h0 + y(t − τ) − y(t) if y(t) − y(t − τ) ≤ h0
h=
0
otherwise

dB
dt

where K̄ is the average or nominal value of the cutting coefficient, δ is the diffusion coefficient while B is a standard Brownian motion. Using the above definition, the stochastic delay
differential equation describing the tool oscillations reads

where ζ is the damping ratio, ω is the natural frequency of the
tool, m is the modal mass, and F is the cutting force. We use the
power model for the cutting force which is assumed to depend
on the uncut chip thickness according to
F = Ky whα

(5)



dẎ = −2ζ Ẏ −Y + K̄ρ α−1 hα dt + δ ρ α−1 hα dB.

(8)

Equation (8) is nonlinear stochastic delay differential equation with multiplicative noise and it will be used in an EulerMaruyama simulation to generate time series that will be studied
using persistence homology.

(3)
4
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FIGURE 4. The stability diagram for Eq. (9) using ζ = 0.03, ρ =
0.01, and α = 0.75.

LINEARIZED STABILITY ANALYSIS
Linearizing Eq. (4) around the steady state solution ,we get
the linear delay differential equation
ξ¨ + 2ζ ξ˙ + y = αKρ α−1 (ξ (t − τ) − ξ (t))

FIGURE 5. Snapshots of the turning process. (a) The change in the
surface profile due to loss of contact between position 2 and 3 modifies
the uncut chip thickness that the tool sees in the following revolution
(position 4). (b) The history function during the first revolution is chosen
to be the equilibrium solution with a small perturbation at t = 0. (c)
For subsequent revolutions (the second workpiece revolution is shown
here), the surface profile is updated according to the tool oscillations in
the previous revolution.

(9)

Equation (4) describes the oscillations of the tool assuming a
deterministic model and it will be used for obtaining the stability
of the linearized deterministic system.
Equation (9) is linear autonomous delay differential equation whose stability can be studied using several methods
in the literature, e.g., zero-order approximation [47], semidiscretization [48], Chebyshev collocation [49], or spectral element method [50]. In this study we use the spectral element
method with one temporal element, a polynomial of degree 12,
and a 100×100 grid in the (Ω/ωn , K) plane. We suppress the details of the spectral element method and instead refer the reader
to [50] for a more thorough description.
The resulting stability diagram is shown in Fig. 4. Shaded
regions are stable while unshaded regions are unstable. The results are in agreement with the semi-discretization solution in
[45].

stability analysis in Fig. 4. The simulation was performed over
the (Ω/ωn , K) region near the deterministic stability boundary
as shown in Fig. 6. The simulations were initialized by setting
the history function equal to the steady state solution Kρ α−1 for
t ∈ [−τ, 0] and a small perturbation (we chose 0.01) was introduced at t = 0 as shown in Fig. 5b. The information obtained
from the simulation was then used to update the profile of the
workpiece in subsequent revolutions as shown in Fig. 5c.

Deterministic case simulation
Equation (4) was simulated using Matlab’s DDE23 function.
The ‘Events’ option was used to monitor condition (5) and it
terminated the simulation as soon as the tool lost contact with
workpiece. The system was simulated over t ∈ [0, 200] but the
time series corresponding to unstable cuts were shorter because
of the early termination of the simulation due to the tool exiting
the cut.

NUMERICAL SIMULATION
Two different simulations were used: an explicit RungeKutta triple via Matlab’s DDE23 command for the deterministic
case in (4), and an Euler-Maruyama simulation for the stochastic
system (8). Each of these two simulations is discussed in more
detail within the following sections. The system parameters that
were used in the simulations are identical to the ones used for the
5
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Stochastic case simulation
Equation (7) was simulated using the Euler-Maryuama
method, described in [12], to generate the necessary datasets.
The Brownian path was created using Matlab and the approach
described in [51]. The equation was simulated over [0, M × τ]
where we chose M = 25 . We used two values for the noise intensity δ in Eq. (8): δ = 0.01 and δ = 0.10. The number of points
for generating the Brownian path is N = M × 214 . The time steps
for the Brownian path and for the Euler-Maryama simulation are
dt and ∆t, respectively. In this study, we set ∆t = dt = t f /N. This
choice of the simulation parameters enabled mapping the term
Y (t − τ) exactly onto both a point on the Brownian path and a
point that was simulated previously thus eliminating the need for
estimating intermediate values. The time for each spindle revolution, which is equal to the time delay, is an integer multiple of
the simulation time step according to

τ=

N
∆t.
M

FIGURE 6. The maximum persistence for the simulations with no
added noise is shown by log-scaled color values. The line drawn is the
stability boundary from Fig. 4. Note that the change in maximum persistence values corresponds to the change from the stable to the unstable
regions.

(10)

This means that the profile left behind in any workpiece revolution is discretized using N/M points.
Condition (5) was monitored during the stochastic simulation; however, in contrast to the deterministic case, the simulation was not terminated when the tool left the workpiece. Instead,
the forcing term was turned off and the tool was subject to free
oscillations. This means that it was possible for the tool to go in
and out of the cut multiple times during the duration of the simulation. Figure 5 shows four snapshots of the tool related to the
loss of contact. Snapshots 1 and 2 show the tool right before and
right after it lost contact with the workpiece. Between snapshots
2 and 3 the tool experiences free damped oscillations outside of
the cut until it returns to the cut in snapshot 3. Consequently,
during the next revolution the tool encounters the surface that
was not cut due to the loss of contact as shown by snapshot 4.
The code kept track of all the loss of contact events and updated
the N/M surface profile representation points left behind accordingly.

for tn ∈ [T − 100, T − 2η]. When necessary for speeding up the
computation, the point cloud was sparsified before computing
persistence by keeping every ith point in order to have between
200 and 500 points. Persistence was computed on this point
cloud using the M12 package [52], and the maximum persistence
of all points in the 1-dimensional persistence diagram was saved.

RESULTS AND CONCLUSIONS
For the case of noise-free turning described by Eq. (4), figure 6 shows that the persistence diagram captured the stability
behavior. This can be seen by comparing Figs. 6 and 4 where the
latter was obtained using the spectral element approach. Figure 6
shows that the maximum persistence switches from almost zero
below the stability boundary to a much higher value across the
unstable region of the boundary. Therefore, even though the simulation was terminated as soon as the tool jumped out of the cut,
persistence was still able to detect the onset of chatter associated
with going from a stable equilibrium to an unstable oscillatory
behavior via Hopf bifurcation.
Figure 7 shows the persistence diagrams associated with the
Euler-Maruyama simulation of Eq. (8) at two different noise intensities: δ = 0.01 and δ = 0.1. For the low noise level, Fig. 7
shows a stability behavior similar to the noise-free case in Fig. 6
near the first and second lobes. However, we observe distinct differences between the case of high and low noise near these two
lobes. Specifically, whereas maximum persistence is higher to

PERSISTENCE COMPUTATION
We next analyzed the time series generated by the numerical
simulation using persistent homology. The time series Xω,K (t)
was given as a series of samples sn = Xω,K (tn ) for tn ∈ [0, T ].
First, for each simulation we limited the domain of interest to
t ∈ [100 − T, T ]. The dimension m of Euclidean space in which
to embed the point cloud was chosen to be 3. The parameter η
was chosen for each simulation using the first zero of the autocorrelation function. Then the point cloud consisted of points
ψη3 (tn ) = (Xω,K (tn ), Xω,K (tn + η), Xω,K (tn + 2η))
6
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FIGURE 7. The maximum persistence for the simulations with noise δ = 0.01 is shown at left and with noise δ = 0.1 is shown at right. The value
of the maximum persistence is denoted by log-scaled color values. The line drawn is the stability boundary from Fig. 4. Increasing the noise intensity
changes the region of high persistence from the left side of the first two lobes to the right side. Further, noise seems to have a stabilizing effect in
comparison to the noise-free case in Fig. 6.

the left of the first two lobes for δ = 0.01, the highest values of
maximum persistence occur to the right of the lobes for δ = 0.1.
This suggests that machining near the right side of the stability
lobes is more prone to experiencing abrupt transition to chatter
at higher levels of noise.
Another observation is that the maximum persistence near
the third stability boundary for both noise levels does not experience the large increase across the deterministic stability boundary shown in Fig. 6 for the noise-free case. This suggests that
in this region of the (Ω/ωn , K) parameter space, noise seems to
have a stabilizing effect on the system in comparison to the deterministic case. The new instability boundaries for the noisy
model are beyond the considered band near the deterministic stability boundary. The authors are currently expanding the simulated region of the parameter space to capture the new stability
boundaries for the noisy models.
The results of this study show that persistent homology capture the change in the qualitative behavior of the system associated with a bifurcation. In the context of machining dynamics,
this means that persistence can be used to detect the onset of chatter. Although the datasets that we investigated were generated
using simulation, the developed method is equally applicable to
experimental data. The analysis showed that increasing the noise
intensity changes the side of the stability lobes that is likely to
experience more abrupt transitions to chatter. Further, we found
that noise has as a stabilizing effect near the third lobe. The rea-

son for these changes in the stability behavior is a topic of our
ongoing research.
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