
Firas A. Khasawneh1

Department of Engineering Mathematics,

University of Bristol,

Bristol, BS8 1TR, United Kingdom

e-mail: firas.khasawneh@bristol.ac.uk

Oleg A. Bobrenkov
Department of Mechanical and

Aerospace Engineering,

New Mexico State University,

Las Cruces, NM 88003

Brian P. Mann
Department of Mechanical Engineering and

Materials Science,

Duke University,

Durham, NC 27708

Eric A. Butcher
Department of Mechanical and

Aerospace Engineering,

New Mexico State University,

Las Cruces, NM 88003

Investigation of Period-Doubling
Islands in Milling With
Simultaneously Engaged
Helical Flutes
This paper investigates the stability of a milling process with simultaneously engaged
flutes using the state-space TFEA and Chebyshev collocation methods. In contrast to
prior works, multiple flute engagement due to both the high depth of cut and high step-
over distance are considered. A particular outcome of this study is the demonstration of a
different stability behavior in comparison to prior works. To elaborate, period-doubling
regions are shown to appear at relatively high radial immersions when multiple flutes
with either a zero or nonzero helix angle are simultaneously cutting. We also demonstrate
stability differences that arise due to the parity in the number of flutes, especially at full
radial immersion. In addition, we study other features induced by helical tools such as
the waviness of the Hopf lobes, the sensitivity of the period-doubling islands to the radial
immersion, as along with the orientation of the islands with respect to the Hopf lobes.
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1 Introduction

Self-excited vibrations can occur when the forces exciting a
system are coupled to the state variables. This coupling can be the
result of a feedback mechanism where the excitation forces are a
function of current and past state variables. The equations of
motion incorporating such mechanism are typically delay differ-
ential equations (DDEs) which are either autonomous or time-
varying. One physical application for DDEs is found in metal
removal processes. More specifically, many studies have investi-
gated the occurrence of self-excited vibrations in machining,
commonly known as chatter.

Chatter is typically characterized by large amplitude oscilla-
tions that deteriorate the surface finish and can also damage the
tool, machine spindle, and the workpiece. For a limited class of
DDEs, e.g., continuous turning, the stability boundaries can be
obtained in a closed form [1]. However, the stability analysis of
more general DDEs requires using approximation techniques,
such as semidiscretization [2], Chebyshev-based methods [3–5],
collocation methods [6], temporal finite element analysis (TFEA)
[7–10], and frequency domain techniques [11,12]. Numerical sim-
ulation is also used to study machining stability [13–16]; however,
analytical and/or semianalytical predictions of stability can
quickly and accurately give stability regions over the process
parameter space of interest, making them superior to tedious
numerical simulations [17–20].

The presence of piecewise continuous coefficients in the DDE
considerably increases the level of complexity. Milling, for
instance, is a common metal removal process which is commonly
approximated as a periodic, piecewise, continuous system. There-
fore, approximation schemes, such as TFEA [9,10,21–24] and col-
location methods [25,26], are typically necessary to determine
milling stability. The stability of milling processes is typically
reported through stability diagrams which chart the boundaries
between stable and unstable cuts as a function of the spindle speed

and depth of cut [27–29]. A milling process is stable if it is
chatter-free, whereas at the onset of chatter, the process becomes
unstable. These diagrams enhance efficiency and reduce costs by
eliminating the need for trial and error. In addition to solving for
the system stability, semianalytical techniques can determine the
type of bifurcation associated with instabilities.

For example, recent studies have shown that a new bifurcation
phenomena can occur in highly intermittent cutting. Besides
Neimark-Sacker or secondary Hopf bifurcations, period-doubling
bifurcations have been analytically predicted in Refs. [16,18,30,31]
and confirmed experimentally in Refs. [22,32,34]; a specific out-
come from these works was that they found period-doubling at low
radial immersions when only a single tooth was cutting.

A different stability behavior for helical mills was reported and
experimentally verified in Refs. [10,30,35–37]. Closed boundaries,
or islands, of unstable period-doubling were shown to appear in the
stability diagram due to the helical flutes of the tool. In these works,
the period-doubling islands were shown only at relatively low ra-
dial immersions. Furthermore, Refs. [10,37] studied the case of
only one flute cutting at a time, see Fig. 1(a), whereas Refs. [35,36]
investigated the case of multiple flutes simultaneously cutting when
using a high depth of cut, see Fig. 1(b). Reference [26] studied the
case of multiple engaged flutes with a zero-helix angle; however,
the stability analysis for the cases of multiple nonzero helix flutes
simultaneously cutting due to a high step-over distance, (see Fig.
1(c)), or due to a combination of a high depth of cut and a high
step-over distance, see Fig. 1(d), has not received much attention.

In this paper, the state-space TFEA method and the Chebyshev
collocation approach are used to study the stability of a milling
process. The added complexity of simultaneously engaged flutes
for both zero- and nonzero helix tools is considered. In contrast to
prior works, multiple flute engagement due to both the high depth
of cut and high step-over distance are investigated. A particular
outcome of this study is the demonstration of a different stability
behavior at the loss of stability in comparison to prior results. To
elaborate, period-doubling regions are shown to appear at rela-
tively high radial immersions when multiple flutes with either a
zero or nonzero-helix angle are simultaneously cutting. We also
elucidate the sensitivity of the period-doubling regions to the ra-
dial immersion and reveal the strong influence of the parity in the
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number of flutes, especially at full radial immersion, on the stabil-
ity behavior. We also present upmilling stability charts where, in
contrast to typical results in milling literature, the helical tools
induce a strong waviness along the depth of cut direction in the
Hopf lobes.

2 Mechanical Model

The equation of motion for a single-mode helical mill compli-
ant only in the y direction, such as the one shown in Fig. 2, (or
similarly, for a workpiece compliant in the y direction), is
described by

€yðtÞ þ 2fxn _yðtÞ þ x2
nyðtÞ ¼ 1

my
Fyðz; t; sÞ (1)

where my, xn, and f are the modal mass, natural frequency, and
damping ratio, respectively. The term Fyðz; t; sÞ describes the cut-
ting forces in the y direction while the time delay s ¼ 2p=NX is
the tooth passage period for an N-tooth cutter rotating at a spindle
speed X (rad/s). An analytical expression for Fy can be obtained
by first introducing the differential forces, shown in Fig. 3, in the
tangential and radial directions [38] according to

dFt ¼ Ktw hnðt; zÞ; sð Þdz (2a)

dFr ¼ Krwðhnðt; zÞ; sÞdz (2b)

where Kt and Kr are the tangential and radial specific cutting force
coefficients, respectively, and the variable z varies along the axial
direction of the tool from 0 at the tip to b which is the depth of the
cut. The angle hnðt; zÞ describes the rotation angle of the nth flute
from the vertical reference shown in Fig. 2, and is described by

hnðt; zÞ ¼ Xt� ðn� 1Þhp � jz (3)

where n¼ 1,2,…, N, hp is the tool pitch angle, i.e., hp ¼ 2p=N for
a tool with uniformly spaced flutes, and j ¼ 2 tan b=D is a helix
parameter. The radial chip thickness for the reference cutting
tooth can be found by applying the circular tool path assumption
which yields [39,40]

wðhnðt; zÞÞ ¼ h sinðhnðt; zÞÞ þ ½yðtÞ � yðt� sÞ� cosðhnðt; zÞÞ (4)

where h is the feed per tooth. The total force in the y direction is
found by integrating Eqs. (2a) and (2b) with respect to the differ-
ential axial depth dz which yields

Fy ¼ gnðtÞ
ðzbðn;tÞ

zaðn;tÞ

dFt

dz
sin hnðt; zÞ �

dFr

dz
cos hnðt; zÞ

� �
dz (5)

where gnðtÞ is a switching function: its value is 1 if the nth tooth is
cutting, and 0 if the tooth exits the cut. The functions zaðn; tÞ and
zbðn; tÞ describe the lower and upper limits of integration, respec-
tively, and they are graphed in Fig. 4 where they are shown to
vary according to

zaðn; tÞ ¼
0 if hst � hn � hst þ htip

hn � ðhst þ htipÞ
j

if hst þ htip < hn

8<
: (6a)

Fig. 1 The different cases associated with a helical milling
tool. The gray area represents the cutting zone and, in graph (a)
only a single flute is cutting at any instant, while in graphs (b)
and (c) multiple flutes are cutting due to a high depth of cut,
and a high radial step-over distance, respectively. Graph (d)
shows the case of a high depth of cut combined with a high ra-
dial step-over distance. The variables shown in the figure are
defined in Sec. 2.

Fig. 2 Illustrations of (a) upmilling, and (b) downmilling

Fig. 3 Schematic of a helical end mill with multiple flutes and
the differential cutting forces in the axial, radial, and tangential
directions

Fig. 4 A plot of the integration limits described in Eqs. (6) as a
function of the flute rotation angle
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zbðn; tÞ ¼
hn � hst

j
if hst � hn � hst þ hlag;

b if hst þ hlag < hn;

8<
: (6b)

where htip is the angular distance over which the tool is cutting at
z ¼ 0, hst is the entry angle which is 0 for upmilling and p� htip

for downmilling, while hlag ¼ jb is the angular distance defined
in Fig. 3.

The angular distance htip depends on the ratio of the radial step-
over distance to the tool diameter, which is often called the radial
immersion (RI), according to

htip ¼ cos�1ð1� 2RIÞ (7)

Substituting the expression for the total force in the y direction,
Eq. (5), into Eq. (1), the equation of motion now reads

€yðtÞ þ 2fxn _yðtÞ þ x2
nyðtÞ ¼ Kcðt; bÞ

my
ðyðtÞ � yðt� sÞÞ (8)

where only the dynamic chip thickness was considered, i.e., by
ignoring the term h sin hnðt; zÞ in Eq. (4) which does not affect
the stability analysis. The directional force coefficient Kcðt; bÞ is
s-periodic and is a function of time and the depth of cut b [36,37].
This coefficient is defined using Eqs. (2a), (2b), and (4) as follows

Kcðt; bÞ ¼
XNt

n¼1

gnðtÞ
ðzbðn;tÞ

zaðn;tÞ
ðKt sin hn cos hn � Kr cos2 hnÞdz (9)

where the summation is over the total number of simultaneously
engaged flutes Nt ¼ ðhtip þ hlagÞ=hp

� �
, where �d e is the ceiling

function.
It is necessary here to make a distinction between the tool pitch

angle hp and the mill helix pitch p which are related according to
hp ¼ jp. Whereas the pitch angle describes the angular distance
between two consecutive teeth, the mill helix pitch describes the
distance between two adjacent flutes along the axis of the tool, as
shown in Fig. 3. Furthermore, the mill helix pitch is a geometric
property of helixes, and it is given mathematically by [35]

p ¼ Dp
N tan b

(10)

where D is the diameter of the tool and b is the helix angle defined
in Fig. 3. Both hp and p play an important role in determining
whether multiple flutes are cutting or not. Specifically, the condi-
tion for multiple flutes in contact is

ðhtip þ hlagÞ=hp

� �
> 1 (11)

This condition captures cases (b), (c) and (d) in Fig. 1.
In order to use the state-space TFEA method or the Chebyshev

collocation approach, Eq. (8) is first re-written in its state-space
form

dyðtÞ
dt
¼ AðtÞyðtÞ þ BðtÞyðt� sÞ (12)

where Aðtþ TÞ ¼ AðtÞ and Bðtþ TÞ ¼ BðtÞ are time-periodic
with the period T equal to the time delay, s.

The state-space TFEA method [41–43] or the Chebyshev collo-
cation method [25,26] can then be used to transform Eq. (12) into
a dynamic map of the form

ynþ1 ¼ Uyn (13)

where U is a finite dimensional approximation of the infinite dimen-
sional monodromy operator for time-periodic DDEs. Equation (8)
represents a discrete solution form for Eq. (8) that maps the states of
the system over one delay period s. The eigenvalues of U determine
the asymptotic stability of the DDE according to the condition
shown in Fig. 5.

3. Discussion

The results from the stability analysis for the milling process,
described by Eq. (12), are given in this section. The cases studied
are for multiflute cutters with zero- and nonzero helix angles.
Both upmilling and downmilling cases were investigated using
the state-space TFEA and Chebyshev collocation methods. The
two analysis techniques produced identical stability charts; hence,
we only show one set of converged stability charts for each case
study. The interest here is in the unstable period-doubling islands
that appear in the stability diagrams when using helical flutes.

Note that the zero-helix case can also produce period-doubling
islands; however, these islands appear due to the parametric na-
ture of the forces in milling and not due to the helix angle. The
islands that appear in the zero-helix case are called parametrically
induced islands whereas the islands associated with the helical
tool are called helix-induced islands [35,44]. Figure 6 shows an
example of a parametrically induced island for downmilling with
a 3-flute cutter at 0:05 radial immersion. The stability of several
points was found using the TFEA approach and is noted on the
stability chart using the notation of Fig. 5. The dots denote stable
regions whereas triangles denote an unstable period-doubling
region. Since we are primarily interested in the island phenomena
associated with helical mills, the zero-helix cases are only given
for reference.

The parameters used to obtain the stability plots in this study
were introduced in Refs. [35,36] and are shown in Table 1. The
results for downmilling are shown in Figs. 7 and 8, whereas upmil-
ling results are shown in Fig. 10. For the downmilling results, both
a zero-helix mill (light line), and a helical mill with b ¼ 30� (dark
line) are reported in each diagram. The horizontal dotted line in
each figure marks the helix pitch and the type of bifurcation is also
marked on each lobe with “H” indicating a Hopf bifurcation, and

Fig. 5 The stability criteria dictates that all the eigenvalues l
of the monodromy operator U should lie within the unit circle
in the complex plane. Moreover, the manner in which the eigen-
values depart the unit circle produces different bifurcation
behavior. For example, an eigenvalue leaving the unit circle
through 21 or 1 results in a period-doubling bifurcation or a
fold bifurcation, respectively, whereas two complex conjugate
eigenvalues departing the unit circle result in a secondary Hopf
bifurcation.
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“P” indicating period-doubling lobes. The authors acknowledge
that changing the geometry of the tool would, in general, change
the specific cutting coefficients Kr and Kt. Therefore, a one-to-one
stability comparison between a zero-helix tool and a helical one
would require accounting for these changes.

In Fig. 7, a radial immersion of 0:05 and N ¼ 4 produced iden-
tical results to those obtained through a frequency domain stabil-
ity analysis in Ref. [36]. This case corresponds to graphs (a) and
(b) in Fig. 1, where incrementing the depth of cut to higher values,
i.e., higher than helix pitch p, results in multiple-flute engagement
(see Fig. 1(b)). It can be seen that the period-doubling boundary
which corresponds to the zero-helix case transforms into closed,
bounded regions of period-doubling that are often called islands.
The depths of cut in the period-doubling free zones between any
two islands correspond to the integer multiples of the helix pitch.
This is because at these values of cutting depths the helical flutes
average the time-periodic forces and the system becomes autono-
mous [35].

The period-doubling islands for the 4-flute cutter still appeared
as the radial immersion was increased to 0:25 and 0:50 in the first
column of Fig. 7; the latter is the borderline case for only one flute
in the cut when using a zero-helix mill and 4 cutting flutes. The
period-doubling lobes for the zero-helix case and the islands for
the helical tool case were still apparent at these radial immersions.
However, in contrast to prior works on a single flute in the cut for
cutters with more than 2 flutes, a further increase in the radial
immersion in the first column of Fig. 7 to 0:75 causes multiple
flute engagement for the zero-helix case and produces cases simi-
lar to those depicted in Figs. 1(c) and 1(d) for the helical tool with

Table 1 The parameters used to generate the stability plots
in this study

m xn Kt Kr

(Kg) (Hz) f (N/mm2) (N/mm2)

5.364 319.375 0.0196 804.3 331

Fig. 6 A parametrically induced period-doubling island
appears when downmilling at 0.05 radial immersion with a zero-
helix 3-flute cutter. The stability of several points is also noted
using a notation consistent with the one used in Fig. 5; circles
were used to denote a stable region, whereas triangles were
used to denote unstable period-doubling regions.

Fig. 7 Downmilling stability diagrams of Eq. (8) for cutters with 4, 6, and 8 flutes. The light line
represents the zero-helix case while the thick line represents a helical tool with b 5 30�. The pa-
rameters used to generate the plots are shown in Table 1 and the radial immersions used are (a)
0.05, (b) 0.50, (c) 0.75, and (d) 1.0. “H” indicates Hopf bifurcations, while “P” indicates period-
doubling bifurcations.
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4 flutes. The appearance of period-doubling lobes at this relatively
high radial immersion diverges from the stability behavior for a
single engaged flute. The period-doubling regions disappear at
full radial immersion (see the last row of Fig. 7), and the results
for zero-helix and helical tools become identical under the
assumption of constant specific cutting coefficients.

The case for a 6-flute cutter demonstrated a different behavior,
as shown in Fig. 7. For example, in Fig. 7 for a 6-flute cutter,
period-doubling regions still appeared for the zero-helix case
when only one flute was cutting, i.e., at RI ¼ 0:05 and RI ¼ 0:25,
along with the cases with higher radial immersions and a zero-
helix mill in the subsequent rows (except at RI ¼ 1:00). However,
when a helical mill was used, the period-doubling lobes disap-
peared and only Hopf lobes persisted for RI ¼ 0:25 and 0:50.
Nevertheless, period-doubling lobes reappeared as the radial
immersion was increased to 0:75. This shows the sensitivity of the
period-doubling islands to changes in the radial immersion and
emphasizes the importance of predicting their reappearance even
at higher radial immersions.

In contrast, for an 8-flute cutter, whereas period-doubling lobes
appeared for the zero-helix case, only Hopf lobes appeared for the
helical tool cases. This is due to the fact that as the number of
teeth is increased, the spacing between the helical flutes gets
smaller, decreasing both the pitch angle and the helix pitch. The

forces are therefore averaged out around the tool helix over the
full range of cutting speeds and depths of cut. The smoothing
effect of the helix angle transforms a discontinuous milling pro-
cess into a continuous one as the number of flutes is increased.
Hence, when a sufficient number of cutting edges is used, only the
main Hopf instability region appears.

One common feature of all the cases, shown in Fig. 7, is the ab-
sence of period-doubling regions at full radial immersion
(RI ¼ 1:00). At this value of radial immersion only Hopf lobes
appear and the stability diagram for zero-helix and helical flutes
become almost identical for cutters with an even number of flutes.
However, a different effect was revealed when cutters with an odd
number of flutes were studied.

For example, Fig. 8 shows the downmilling stability charts for
several combinations of radial immersions and various cutters
with an odd number of flutes. It can be seen that at full radial
immersion, all of the studied cases showed an area of period-
doubling for the zero-helix case. Furthermore, all of the cases
except for the 9-flute cutter resulted in period-doubling islands at
full radial immersion. This influence of the parity in the number
of flutes on stability at full radial immersion has important practi-
cal implications: not only the depth of cut, radial immersion, and
the helix angle need to be optimized in milling, but also the parity
of the number of flutes needs to be considered. An even number

Fig. 8 Downmilling stability diagrams for cutters with b 5 30� and various odd number of flutes at various radial
immersion levels
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of flutes results in a constant number of engaged flutes throughout
any cutting period. In contrast, an odd number of flutes leads to a
situation where the number of engaged teeth is reduced by one at
half the cutting period.

Figure 9 explains the change in the number of engaged flutes
at full radial immersion for two cutters with opposite parities
using a top view of a milling schematic. As an example of a
cutter with even parity, Fig. 9(a) shows a 4-flute cutter during
the beginning, middle, and end of one cutting period. It can be
seen that 2 flutes remain engaged throughout the cutting pe-

riod. The distribution of the even number of flutes ensures that
a new flute enters the cut as soon as one of the flutes exits.
Similar diagrams can be obtained for 6, 8, or any other even
number of flutes. In contrast, Fig. 9(b) depicts a 5-flute cutter
at full radial immersion. It can be seen that at the beginning of
the cut, 3 flutes are engaged simultaneously. However, in the
middle of the period, i.e., h ¼ hp=2 or, equivalently, t ¼ T=2,
the leading flute exits the cut and only two flutes remain. The
change in the number of cutting flutes leads to abrupt changes
in the directional force coefficient Kcðt; bÞ in Eq. (9), causing

Fig. 9 Snapshots of two helical mills at full radial immersion with (a) 4 flutes, and (b) 5 flutes.
The snapshots illustrate the top view for an axial slice of the cutter during the beginning, mid-
dle, and end of one cutting period.

Fig. 10 Upmilling stability charts for the 4 cutting flutes and for the radial immersion values of
0.10, 0.20, 0.75, and 0.80 (columns) and the helix angle values of 1, 13, 23, 25, 45, 60, and 63�

(rows)
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period-doubling regions to appear [26]. However, as the num-
ber of odd cutting flutes is increased, e.g., to 9 in Fig. 8, the
helical flutes smooth out these changes and only Hopf lobes
appear in the stability chart.

The stability diagrams reported in Figs. 6, 7, and 8 were for a
dowmilling model; nevertheless, the stability diagrams of upmil-
ling also demonstrated interesting features, especially when vary-
ing the helix angle and the radial immersion. For example, in Fig.
10, a set of stability plots for upmilling with 4 flutes are given for
different combinations of radial immersion and helix angle values.
The radial immersion values are 0:10, 0:20, 0:75, and 0:80 and
vary from left to right, whereas the helix angle values of 1, 13, 23,
25, 45, 60, and 63� vary from the bottom to the top. Therefore,
each row corresponds to a constant helix angle while each column
corresponds to a constant value of the radial immersion. The val-
ues of the helix angle and the radial immersion were chosen to
capture the qualitative changes in the upmilling stability plots.
Note that the used values of the depth of cut were exaggerated
beyond practical limits in order to elucidate the changes in the sta-
bility properties of the nonzero helix model.

As the radial immersion and helix angle were varied in Fig. 10,
several trends of the changes in the stability properties appeared.
For example, when the radial immersion was changed from 0:10
to 0:20 and from 0:75 to 0:80, the change in the mutual orientation
of the islands and the secondary Hopf stability lobes was
observed. This transition can be explained by the sign change of
the cutting force coefficient averaged over one period, as was
shown in Refs. [25,26]. This phenomenon was discovered for
downmilling in Ref. [25] for a model with compliance in the x
direction (see Fig. 2). However, unlike the model in Ref. [25], this
analysis used a y compliance model which explains the occur-
rence of the same phenomenon in upmilling.

By producing more stability charts between RI ¼ 0:1 and
RI ¼ 0:2, it can be shown that this transition happens gradually: the
major Hopf lobe to the left of the island chain “in the stability dia-
gram for ðRI; bÞ ¼ ð0:1; 13Þ at first completely disappears and then
reappears back on the other side of the island chain” while chang-
ing its incline to the horizontal axis. Similar transitions happen for
other pairs of stability charts, for instance, for ðRI;bÞ ¼ ð0:75; 23Þ
and ð0:8; 23Þ, except that the mutual orientation of the Hopf lobes
and period-doubling islands changes in the opposite direction.

Furthermore, it should be noted that the radial immersions at
which the transitions in the stability characteristics occur corre-

spond to the two minima of the lower boundary of the shaded
region in Fig. 11(a) at the radial immersions approximately equal
to 0:15 and 0:8. As the value of the helix angle increases, the sizes
and vertical positions of the islands change. The common tendency
is that the islands shrink and eventually disappear as b is increased;
however, for lower radial immersions this disappearance happens
faster, while for higher radial immersions it is slower.

In addition, it is seen that when the islands are to the right of the
Hopf lobes, they shrink and disappear while moving downward
(see the RI ¼ 0:1 and RI ¼ 0:8 columns in Fig. 10), while in the
opposite case they move upward, which is seen in the RI ¼ 0:2 and
RI ¼ 0:75 columns. Another observation is that the waviness of the
Hopf lobe sections adjacent to the islands is present, especially for
higher immersions, and the authors believe that this is a feature that
has not been observed in the earlier works on the stability analysis
of helical milling tools. The shape of the wavy section of a Hopf
lobe changes along with the upward or downward motion of islands
as the helix angle is increased. The waviness becomes insignificant
once the islands become sufficiently small.

The disappearance and reappearance of the islands in the stability
diagrams of both upmilling and downmilling was investigated in Fig.
11 for a 4-flute cutter. Diagrams 11(a) and 11(b) show at which com-
binations of radial immersions and helix angles the islands occurred
in upmilling and downmilling, respectively. When the combination
of radial immersions and helix angles falls into a shaded region, at
least one island is present in the corresponding stability chart, while
no islands exist for the parameter combinations in the unshaded
region. The diagram in Fig. 11(a) qualitatively describes the upmil-
ling stability charts in Fig. 10, while Fig. 11(b) is added for com-
pleteness. The diagrams in Fig. 11 were produced in the grid of
radial immersions varying from 0:05 to 1 with the step of 0:05 and
the helix angle values varying from 2 to 70 degrees with the step of
2�, and this fact contributed to the coarseness of the plots.

4 Conclusions

This paper investigated the stability of a milling process with
simultaneously engaged flutes using the state-space TFEA and
Chebyshev collocation methods. In contrast to prior works, multi-
ple flute engagement due to both the high depth of cut and high
step-over distance was considered, see Figs. 1(c) and 1(d).

A particular outcome of this study was the demonstration of dif-
ferent stability behavior in comparison to prior works. To elaborate,

Fig. 11 Diagrams showing the combinations of radial immersion and helix angle where islands occur (shaded region).
Results are for 4 cutting flutes and (a) upmilling, and (b) downmilling.
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period-doubling regions were shown to appear at relatively high ra-
dial immersions when multiple flutes with either a zero or nonzero
helix angle were simultaneously cutting. This was shown using a
set of stability charts for downmilling that compared a zero-helix
mill to a helical tool under the assumption of constant specific cut-
ting coefficients. It was shown that the TFEA and the Chebyshev
collocation results agreed with the frequency domain stability
results for the low radial immersion cases found in literature (see
Figs. 1(a) and 1(b)). However, in contrast to prior works, period-
doubling regions appeared at relatively high radial immersions
when multiple flutes were simultaneously cutting.

These regions appeared as lobes for zero-helix tools, while
closed islands characterized the period-doubling regions for heli-
cal tools. However, as the number of cutting edges was increased,
e.g., to 6 and 8 in Fig. 7, the helical flutes smoothed out the force
discontinuities and eliminated period-doubling bifurcations. Addi-
tionally, in agreement with prior works, period-doubling bifurca-
tions were shown to cease to exist at depths of cut equal to integer
multiples of the mill helix pitch.

We also demonstrated stability differences that occur due to the
parity in the number of flutes, as shown in Figs. 9 and 7 and 8. In
particular, we showed that whereas islands disappeared at full ra-
dial immersion for helical cutters with an even parity, cutters with
odd parity produced islands even at full radial immersion, as
shown in the last row of Fig. 8 for cutters with 3, 5, and 7 flutes.
This effect in cutters with odd parity is a result of the abrupt
changes in the directional force coefficient as the leading flute
starts exiting the cut midway through the period (see Fig. 9). In
contrast, at full radial immersion, cutters with even parity main-
tained a constant number of flutes in the cut throughout the period
and only produced Hopf lobes as shown in the last row of Fig. 7.

The study of the stability in upmilling revealed more interesting
features for helical mills. For instance, Fig. 10 showed that certain
combinations of radial immersion and helix angle gave rise to Hopf
lobes with pronounced waviness along the depth of the cut direction.
This contrasts with the Hopf lobes usually reported in milling litera-
ture and it reflects the strong effect of the helical flutes on the shown
cases. Figure 10 also showed the change in the mutual orientation of
the islands with respect to the secondary Hopf lobe when varying the
helix angle and the radial immersion. This transition was found to
gradually occur with increasing the radial immersion where the islands
would first shrink slowly, then disappear before they finally reappear
on the other side of the Hopf lobe. This transition of the lobes is attrib-
uted to the sign change of the cutting force coefficient averaged over
one period. Furthermore, we found that the radial immersions at which
the transitions in the stability characteristics occurred corresponded to
the two minima of the lower boundary of the shaded region in
Fig. 11(a). Although a similar transition in the stability lobes was
demonstrated for zero-helix tools in Refs. [25,26], this study is the first
to confirm that a similar transition also occurs for helical tools.

Another observation from Figs. 7, 8, and 10 is the sensitivity of
the period-doubling islands to the radial immersion. This sensitiv-
ity to the changes in the radial immersion was described qualita-
tively in Fig. 11 for both upmilling and downmilling. It was
shown that even small changes of the radial immersion can cause
the islands to disappear (or reappear) in the stability diagrams.
Figure 11 also reiterates the prior conclusion that no period-
doubling regions appear for cutters with an even number of flutes.

Finally, although only Hopf and period-doubling bifurcations
can occur for tools with constant helix angle and constant pitch, a
recent study has found cyclic-fold bifurcations at low radial immer-
sions for both variable pitch and variable helix tools [45]. However,
expanding the approach of this paper to the cases of variable pitch
and variable helix tools remains a topic for future research.
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