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ABSTRACT
This paper describes a new approach to examine the stability of delay differential equations that builds upon prior work
using temporal finite element analysis. In contrast to previous
analyses, which could only be applied to second order delay differential equations, the present manuscript develops an approach
which can be applied to a broader class of systems - systems that
may be written in the form of a state space model. A primary outcome from this work is a generalized framework to investigate the
asymptotic stability of autonomous delay differential equations
with a single time delay. Furthermore, this approach is shown to
be applicable to time-periodic delay differential equations and
equations that are piecewise continuous.

ysis, which is presented in the form of stability charts that show
the system stability over a range of parameters [5–9]. A primary
complexity for delay systems lies in the fact that they are infinite dimensional. In particular, it is well-know that introducing
a time delay into a dynamical system causes the phase space to
grow from a finite dimension to an infinite dimension [10, 11].
A linear autonomous DDE with a single delay can be described by
ẏ(t) = Ay(t) + By(t − τ ) ,

where A and B are square matrices and the delay τ > 0. The
characteristic equation for the above system, which is obtained
by assuming an exponential solution, becomes

INTRODUCTION
It has been known for quite some time that several systems
can be described by models that include past effects. These systems, where the rate of change in a state is determined by both
the past and the present states, are described by delay differential
equations (DDE). Examples from recent literature include applications in robotics, biology, human response time, economics
and manufacturing processes [1–4]. The qualitative study of
these types of dynamical systems often involves a stability anal-
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(1)

|λI − A − Be−λτ | = 0 .

(2)

As compared to the characteristic equation for an autonomous ordinary differential equation (ODE), Eq. (2) has an infinite number of roots. The necessary and sufficient condition for asymptotic stability is that all the characteristic roots must have negative real parts [11]. A discrete solution form for Eq. (1) that maps
the states of the system over a single delay period can be written
1
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as a discrete map of the form
yn = M yn−1 ,

prior analyses did provide a computationally efficient approach,
the presented methodology was limited to governing equations
that could be written in the form of a second order DDE. A distinguishing feature of the present approach is the presentation of
a temporal finite element approach that can be used to determine
the stability characteristics of DDEs that are in the form of a state
space model [19]. Essentially, this work extends the usefulness
of the temporal finite element method to a broader class of systems with time delays. Thus, this manuscript investigates both
systems that could not be examined by the aforementioned approach and examples that show agreement with the prior work.
The content of this paper is organized as follows. The next
section describes the formulation of a temporal finite element
analysis approach for autonomous delay equations. The stability of a single state system is examined prior to presenting a
more general analysis that can be applied to autonomous as well
as non-autonomous DDEs with an arbitrary number of states.
The stability analysis of a third order autonoumou DDE, which
could not be handled using the prior TFEA approach, is then described. The subtle differences required to handle systems that
are time periodic are demonstrated through a stability analysis of
an interrupted turning process. The interrupted turning example
also highlights a particularly important feature of this method the ability to handle both continuous and piecewise continuous
DDEs.

(3)

where y is the state variable during either the current or previous
delay period - as denoted by the subscripts n and n − 1. Here,
the condition for asymptotically stability requires that the infinite
number of characteristic multipliers, or eigenvalues of M, must
be in a modulus of less than one.
Another general case to consider is the stability of a time
periodic system with a single delay. The general expression for
this type of system is
ẏ(t) = A(t)y(t) + B(t)y(t − τ ) ,

(4)

where T is the period of A(t) and B(t) which stipulates the following condition A(t + T ) = A(t) and B(t + T ) = B(t). Analogous to the time-periodic ODE case, the solution can be written
in the form y = p(t)eλt , where p(t) = p(t + T ). However, a
primary difference exist between the dynamic map equation of
a time periodic ODE and a time periodic DDE, which can also
be written as Eq. (3), since the monodromy operator, M, for the
DDE becomes infinite dimensional. Although the time periodic
system will have a finite dimensional Floquet transition matrix,
the delay system will have an infinite dimensional monodromy
operator [12]. Also, in contrast to the classical time periodic
case, the time delayed system will have an infinite number of
characteristic multipliers. The resulting criteria for asymptotic
stability requires the infinite number of characteristic multipliers to have a modulus of less than one; this criteria is analogous
to requiring the infinite number of characteristic exponents to be
negative and real for a continuous system.
The fact that the mondromy operator is infinite dimensional
prohibits a closed-formed solution. In spite of this, one can approach this problem from a practical standpoint - by constructing a finite dimensional monodromy operator that closely approximates the stability characteristics of the infinite dimensional
monodromy operator. This is the underlying approach that is followed throughout this manuscript and in numerous other previous works using discretization methods to examine delay equations [1, 13, 14].
A number of prior works have used time finite elements to
predict the dynamic behavior of a system (e.g. see references
[15–17]). However, temporal finite element analysis was first
used to determine the stability of delay equations in reference [7].
The authors examined a second order delay equation that was
piecewise continuous with constant coefficients. Following a
similar methodology, the approach was adapted to examine second order delay equations with time-periodic coefficients and
piecewise continuity in references [1, 13, 18]. Although these

AUTONOMOUS DELAY SYSTEM
A distinguishing feature of autonomous systems is that time
does not explicitly appear in the governing equations. Some application areas where autonomous DDEs arise are in robotics,
biology, and control using sensor fusion. In an effort to improve
the clarity of this section, we first consider the analysis of a scalar
DDE before describing the generalized approach. Thus, the stability analysis of the scalar DDE is followed by an analysis of
the general case of a DDE with multiple states written in matrixvector form.

Scalar Autonomous DDE
Time Finite Element Analysis (TFEA) is a discretization approach that divides the time interval of interest into a finite number of temporal elements. This approach allows the original DDE
to be transformed into the form of a discrete map. The asymptotic stability of the system is then analyzed from the characteristic multipliers or eigenvalues of the map. While previous
works for the TFEA method have solely focused on second order DDEs [1,7,13,18], the goal here is to present a new approach
that is also applicable to first order DDEs with a single time delay. For instance, we consider the following time delay system,
originally examined by Hayes [20], that has a single state vari2
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beginning σ = 0, middle σ = tj /2, and end σ = tj of each temporal element. The graph of Fig. 1 is provided to illustrate the
important fact that the coefficients of the assumed solution take
on the values of the state variables at specific instances in time.
Thus, these functions satisfy the natural and essential boundary
conditions (i.e. the states at the end of one element match those
at the beginning of the following element).
Substituting Eq. (6a) and Eq. (6b) into Eq. (5) results in the
following

able
ẏ(t) = α y(t) + β y(t − τ ) ,

(5)

where α and β are scalar control parameters and τ = 1 is the time
delay. Since the Eq (5) does not have a closed form solution, the
first step in the analysis is to consider an approximate solution
for the j th element of the nth period as a linear combination of
polynomials or trial functions. The assumed solution for the state
and the delayed state are

yj (t) =

3
X

3 
X

3
X

anji φi (σ) ,

(6a)

n−1
aji
φi (σ) ,

(6b)

which shows a non-zero error associated with the approximate
solutions of Eq. (6a) and Eq. (6b). In order to minimize this error, the assumed solution is weighted by multiplying by a set of
test functions, or so called weighting functions, and the integral
of the weighted error is set to zero. This is called the method of
weighted residuals and requires that the weighting functions be
linearly independent [21]. The weighting functions used for the
presented analysis were shifted Legendre polynomials. These
polynomials were used because they satisfy the required condition of linear independence. Here, we have chosen to only
use the first two shifted Legendre polynomials ψ1 (σ) = 1 and
ψ2 (σ) = 2(σ/tj ) − 1 to keep the matrices square. The weighted
error expression becomes

i=1

where a superscript is used to denote the nth and n − 1 period
for the current and delayed state variable, respectively. Each trial
function, φi (σ), is written as a function of the local time, σ,
within the j th element and the local time is allowed to vary from
zero to the time for each element, tj . The introduction of a local
time variable is beneficial because it allows a set of trial functions to remain orthogonal on an interval 0 ≤ σ ≤ tj once they
have been normalized. To further clarify the local time concept,
assume that E elements are used in the analysis and that the time
for each element is taken to be uniform, then the time interval
for a single element is tj = τ /E and the local time would vary
from zero to tj . Furthermore, a set of trial functions orthogonal
on the interval from zero to one can made orthogonal over any
0 ≤ σ ≤ tj interval by simply replacing the original independent variable for the polynomials with σ/tj . The polynomials
used for this analysis are

φ1 (σ) = 1 − 23

σ
tj

2


+ 66

σ
tj

(8)

i=1

i=1

yj (t − τ ) =


anji φ̇i (σ) − αanji φi (σ) − βan−1
ji φi (σ) = error ,

3


− 68

σ
tj

4


+ 24

Z

tj

0

3 
hX

anji φ̇i (σ)−αanji φi (σ)−βan−1
ji φi (σ)

i
ψp (σ)dσ = 0 .

i=1

(9)
After applying each weighting function, a global matrix equation
can be obtained by combining the resulting equations for each
element. To provide a representative expression, we assume two
elements are sufficient and write the global matrix of Eq. (10).
This equation relates the states of the system in the current period
to the states of the system in the previous period,

5
σ
,
tj
(7a)



1
1
N11
 1
N21

 0
0

2
 3
 4
σ
σ
σ
− 32
+ 16
,
(7b)
tj
tj
tj
 2
 3
 4
 5
σ
σ
σ
σ
φ3 (σ) = 7
− 34
+ 52
− 24
.
tj
tj
tj
tj
(7c)


φ2 (σ) = 16

The above trial functions are orthogonal on the interval of 0 ≤
σ ≤ tj and they are obtained through interpolation. The interpolated trial functions are constructed such that the coefficients of
the assumed solution directly represents the state variable at the

0
1
N12
1
N22
0
0

0
1
N13
1
N23
2
N11
2
N21

  n
a11
0 0
a12 
0 0 
 
 
0 0 
 a21  =
2 
2
N12 N13
a22 
2
2
a23
N22 N23
  n−1

0 0 0 0 1
a11
1
1
1


P11

P
P
0
0
13
 1 12
 a12 
1
1


P21 P22

P
0
0
a
. (10)
23
  21 

2 
2
2
 0 0 P11
P13
P12
a22 
2
2
2
0 0 P21
P22
P23
a23

The terms inside the matrices of Eq. (10) are the following scalar
3
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Figure 1. Time line for the state variable, y , over a time interval of 2τ . Dots denote the locations where the coefficients of the assumed solution are
equivalent to the state variable. The beginning and end of each temporal element is marked with dotted lines.

terms
j
Npi
=

Z

tj




φ̇i (σ) − αφi (σ) ψp (σ) dσ ,

be in the modulus of less than one for a given combination of the
control parameters, see Fig. 3.
Figure 2(a) shows the boundaries between stable and unstable regions as a function of the control parameters α and β. The characteristic multipliers trajectories of Fig. 2(b) show how changes
in a single control parameter can cause the characteristic multipliers to exit the unit circle in the complex plane.

(11a)

0
j
Ppi
=

Z

tj

βφi (σ)ψp (σ) dσ .

(11b)

0

If the time interval for each element is identical, the superscript in
these expressions can be dropped for autonomous systems since
the expressions for each element would be identical. However,
the use of non-uniform time elements or the examination of nonautonomous will typically require the superscript notation.
Equation (10) describes a discrete time system or a dynamic
map that can be written in a more compact form Gan = Han−1
j
where the elements of the G matrix are defined by each Npi
term
of Eq. (11a). Correspondingly, the elements of the H matrix are
j
defined by the Ppi
terms from Eq. (11b). Multiplying the dynamic map expression by G−1 results in an = Qan−1 where
Q= G−1 H. Applying the conditions of the chosen trial functions to the beginning, midpoint, and end conditions allows us to
replace an and an−1 with yn and yn−1 , respectively. Here, yn
is the vector that represents the state variable at the beginning,
middle, end of each temporal finite element. Thus, the the final
expression becomes

GENERALIZATION FOR LINEAR DDES
While the scalar case was provided as an introductory example, it is more likely that the practitioner will encounter the case
of a first order DDE with multiple states. Thus, the goal of this
section is to describe the generalized analysis and its application
to some illustrative problems.
The general analysis assumes a state space system in the
form of Eq. (1). The expressions for state and the delayed state
variables are now written as vectors

yj (t) =
yn = Qyn−1 ,

3
X

a nji φi (σ) ,

(13a)

a n−1
ji φi (σ) .

(13b)

i=1

(12)
yj (t − τ ) =

which represents a map of the state variable over a single delay period (i.e. the Q matrix relates the state variable at time
instances that correspond to the beginning, middle, and end of
each element to the state variable one period into the future).
The eigenvalues of the monodromy operator Q are called
characteristic multipliers. The criteria for asymptotic stability requires that the magnitudes of the characteristic multipliers must

3
X
i=1

during the j th element. After substituting the assumed solution
forms into Eq. (1) and applying the method of weighted residuals, a global matrix can be obtained that relates the states of the
4
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Figure 3. The stability criteria dictates that all the eigenvalues, µ, of the
monodromy operator Q, should lie within the unit circle in the complex
plane. Moreover, the manner in which the eigenvalues depart the unit
circle produces different bifurcation behavior. For example, an eigenvalue
leaving the unit circle through −1 results in a period doubling bifurca-

1

Imag

0.5
0

tion whereas two complex conjugate eigenvalues departing the unit circle
results in secondary Hopf bifurcation.

-0.5
-1
-1.5
-1.5

-1

-0.5

0

Real

0.5

1

where I is an identity matrix and the terms Njpi and Pjpi now
become the following square matrices

1.5

Figure 2. A converged stability chart (graph (a)) for Eq. (5) is obtained
when using a single temporal element and τ = 1. Stable domains are
shaded and unstable parameter domains are unshaded. Graph (b) shows
the CM trajectories in complex plane for α = 4.9 and a range of values
for β .

Njpi =

Z

tj




Iφ̇i (σ) − Aφi (σ) ψp (σ) dσ ,

(15a)

0

Pjpi =

Z

tj

Bφi (σ)ψp (σ) dσ ,

(15b)

0

system in the current period to those in the previous period,


I
N111
 1
N21

 0
0

0
N112
N122
0
0

Here, we note the Φ matrix is the identity matrix when the delay
terms are always present. However, Φ may not always be the
identity matrix for systems that are piecewise continuous as we
will show later. The dimensions of the matrices I, Φ, Njpi and
Pjpi are the same as the dimensions of A and B.

  n
a11
0
0
0
a12 
N113 0
0 
 
 
N123 0
0 
 a21  =
2
2
2 
a22 
N11 N12 N13
2
2
2
N21 N22 N23
a23
  n−1

a11
0 0 0 0 Φ
P111 P112 P113 0 0  a12 
 1
 
P21 P122 P123 0 0  a21 
, (14)
 

 0 0 P211 P212 P213  a22 
a23
0 0 P221 P222 P223

The presented approach can also be applied to nonautonomous DDEs on the form of Eq. (4) as long as a few
subtle changes are implemented. In this case, the time dependence of the matrices A(t) and B(t) requires the substitution
t = σ + (j − 1)tj so that the time periodic terms take on the
correct values over the entire period. This substitution changes
5
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where y1 = x , y2 = ẋ, and y3 = ẍ. The A and B matrices of
Eq. (1) become

the expressions for N and P according to

Njpi =

Z

tj





Iφ̇i (σ) − A σ + (j − 1)tj φi (σ) ψp (σ) dσ ,


0 1
A = 0 0
0 −α

0

(16a)
Pjpi =

Z


0
1
0

and


0 1
B = 0 0
0 −α


0
1 . (19)
0

tj


B σ + (j − 1)tj φi (σ)ψp (σ) dσ ,

(16b)

0

Determining the stability requires the dynamic map of Eq. (14)
to be populated with the integral expressions of Eq. (15a) and
Eq. (15b) where the A and B matrices of Eq. (19) have been
used. Since the system of interest is continuous, a 3 × 3 identity
matrix is used for Φ. An example stability chart was constructed
for this system and is shown in Fig. 4. As noted by reference [10],
the stability chart for this system becomes a series of geometric
shapes with stability borders defined by the intersection of lines.

and Φ is taken to be the identity matrix. Here, we point out that
the superscript, j, may not be dropped in the above
expressions

since the time-periodic terms of A σ+(j−1)tj will assume different values within each element. Using the above expressions,
a dynamic map for the non-autonomous case can be constructed
similar to Eq. (14).
The dynamic map of Eq. (14) is then written in a more compact form, Gan = Han−1 where the elements of the G matrix
are defined by each Njpi term of Eq. (15a). Correspondingly,
the elements of the H matrix are defined by the Pjpi terms from
Eq. (15b). Evaluating the chosen trial functions at the beginning, midpoint, and end of each element allows the coefficients
of the assumed solution, an and an−1 , to be replaced with yn
and yn−1 , respectively. An eigenvalue problem is then formed
by multiplying the dynamic map expression by G−1 and taking
the eigenvalues of matrix Q= G−1 H. Alternatively, one may
wish to avoid the complication of inverting G, as in the case that
G is close to singular, and would instead prefer to solve for the µ
values (the characteristic multipliers) that solve the characteristic
equation that is obtained by setting the determinant of H − µG
equal to zero.

400
350
300

β

250
200
150
100
50
20

Example Autonomous Third Order DDE
Determining the stability of a third order delay equation
would not have been possible with the prior TFEA analyses
[1, 7, 13, 18]. Thus, we consider the following third order delay
equation
d3 x
+ αẋ + βx(t − τ ) = 0 ,
dt3

Figure 4.

  


0
y1
0 00
y1 (t − τ )
1 y2  +  0 0 0 y2 (t − τ ) ,
0 y3
−β 0 0
y3 (t − τ )

100
α

150

200

Stability chart for the autonomous system of Eq.

250

(17) obtained

using τ = 1 and eight elements. Stable regions are shaded and unstable
regions are left blank.

(17)
Example Piecewise Continuous and Time Periodic
DDE-Interrupted Turning
Interrupted turning is a piece-wise continuous system where
the tool is not always cutting but enters and exits the cut, see
Fig 5. When the tool is in the cut, a force proportional to the
uncut chip area acts on the tool; however, when the tool exits
the cut, the system will undergo free vibration. As an example,
an interrupted turning process where the workpiece is rigid and

with a delay of τ = 1 and control parameters α and β. The state
space form of Eq. (17) is
  
y˙1
0 1
y˙2  = 0 0
y˙3
0 −α

50

(18)

6
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the tool is compliant in only one direction will be considered.
The variational equation of motion for this system can be written
as [23]

3
2.5
2

ω̂

¨ + 2ζωn ξ(t)
˙ + ω 2 ξ(t) = −u(t) k1 b (ξ(t) − ξ(t − τ )) (20)
ξ(t)
n
m
where ζ is damping, ωn is the natural frequency, m is the mass,
b is the depth of cut, k1 is a cutting parameter, and u(t) is a
switching function: its value is 1 when the tool is cutting, and 0
when the tool exits the cut.
A set of dimensionless parameters for time, spindle speed, time
delay and depth of cut is defined as [24]
t̃ = ωn t, Ω̃ =

Ω
bk1
.
, τ̃ = ωn τ, b̃ =
ωn
mωn2

0.5
3
2.5

(21)

ω̂

0.5

(22)

=

0

1

x1

# "

0

0

+

3
#"

x1 (t − τ )

x2 (t − τ )
(23)
where the tilde was dropped from t and τ for convenience. To
help explain the analysis that follows, the above state- space
equation is written in a more compact form
ẋ2

−(u(t) b̃ + 1) −2ζ

x2

#

2.5

,

u(t) b̃ 0

ẋ(t) = A(t)x(t) + B(t)x(t − τ ).

(c)

2

ω̂

ẋ1

#"

1.5
1

Equation (22) can be written in state-space form as
"

(b)

2

¨ t̃) + 2ζ ξ(
˙ t̃) + ξ(t̃) = −u(t) b̃(ξ(t̃) − ξ(t̃ − τ̃ )).
ξ(

#

1.5
1

These substitutions result in the dimensionless characteristic frequency ω̃n = 1. The non-dimensionalized version of Eq. (20)
then reads

"

(a)

1.5
1
0.5

(24)

Equation (24) is now on the standard form of Eq. (4). Therefore,
the state-space TFEA approach explained earlier can be used to
construct a dynamic map similar to Eq. (14). However, in this
case Φ is no longer an identity matrix, instead, it is rather the
state transition matrix
#
"
eλ1 tf − eλ2 tf
λ1 eλ2 tf − λ2 eλ1 tf
1
,
Φ=
λ1 − λ2 λ1 λ2 eλ2 tf − λ1 λ2 eλ1 tf λ1 eλ1 tf − λ2 eλ2 tf
(25)
p
where λ1,2 = ζ ± ζ 2 − 1, while tf is the duration of free
vibration. This state transition matrix relates the state of the tool
as it exits the cut to its state as it re-enters the cut [1].
Some stability charts of Eq. (24) are shown in Fig. 6. The
results obtained here with the state-space TFEA approach agree
with the stability results in Ref. [23]. Perhaps the most interesting result is the appearance of closed islands of period doubling
as shown in Fig. 6-b.

0.1

0.2

0.3

0.4

0.5

Ω̂
Figure 6. Stability diagrams of Eq. (22) for ζ = 0.0038 and (a) ρ =
0.05, (b) ρ = 0.1, and (c) ρ = 0.2. Unstable regions are shaded while
stable regions are left unshaded.

SUMMARY AND DISCUSSION
This paper presents a temporal finite element analysis approach for investigating the stability behavior of linear autonomous and nonautonomous DDEs. In contrast to the results
of prior works on TFEA, which could only be applied to second order DDEs, the present work is applicable to a broader
class of systems that may be written in the form of a state space
model. The first section describes an introductory example, an
7
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k
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v
tf
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z

h

Figure 5. Schematic diagram of the interrupted cutting process. The force is proportional to the uncut chip area when the tool is in contact with the work
piece but drops to zero when the tool vibrates freely [7].

autonomous DDE with a single state, prior to generalizing the
formulation to linear DDEs with multiple states. The presented
examples extend the described approach to time-periodic DDEs
and piecewise continuous equations as was shown through an interrupted turning example.
An important consideration for the presented approach is the
choice of trial and weighting functions. In particular, the illustration of Fig. 1 highlights the fact that the trial functions were
chosen so that a single coefficient of the assumed solution would
equal the state variable at the beginning, middle, and end of the
temporal element. This provides three constraints for interpolating the polynomials with the remaining constraints being used
to ensure orthogonality and meet user-preferences. During the
course of this research, we have found Eq. (7a)-(7c) to be a particularly useful set of polynomials because higher order polynomials sometimes caused round-off errors for smaller temporal
elements (i.e. seventh order polynomials would require that t7j
remain within the machine precision). Our choice of Legendre
polynomials for weighting functions was based upon a few factors. First, we made comparisons with the weighting functions
used in recent works (e.g. see reference [7]) and also implemented a Galerkin procedure. In both cases, we found that converged stability boundaries were obtained with fewer elements
when using Legendre polynomials. However, we make no claim
that the current set of trial and weighting functions are the most
optimum set of polynomials. Another consideration is the number of weighting functions to apply. While our preference was
to use a combination of two weighting functions and three trial
functions, which will always keep the G and H matrices square,
it is certainly possible to use more weighting functions.
Since the TFEA method is a discretization approach, a brief
discussion of solution convergence seems necessary. Following
the work in spatial finite elements, we recognize three different approaches for solution convergence: 1) the number of temporal elements can be increased (h-convergence); 2) the polynomial order may be increased (p-convergence); or 3) both the
polynomial order and number of elements can be increased (hp-

convergence). While a much more comprehensive discussion is
offered in reference [25], it suffices to say that tracking the characteristic multipliers while increasing the number of elements or
polynomial order may be used for convergence. For the present
manuscript, we simply increased the number of temporal elements for each figure until a converged result was obtained.
In summary, the presented TFEA method provides a computationally efficient method to query the asymptotic stability of
DDEs written in the form of a state space model. The method
is useful for examining the stability of autonomous and nonautonomous DDEs with continuous as well as piece-wise continuous coefficients. A specific limitation of the presented work
is that it is only applicable to DDEs that contain a single time
delay. However, the extension of the presented approach to both
nonlinear DDEs and DDEs with multiple time delays is a planned
area of future research.
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