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ABSTRACT
This paper investigates the stability of a milling process with

simultaneously engaged flutes by extending the state-space tem-
poral finite elements method. In contrast to prior works, multiple
flute engagement due to both a high depth of cut and a high step-
over distance are considered. A particular outcome of this study
is the development of a frame work to determine the stability of
periodic, piecewise continuous delay differential equations. An-
other major outcome is the demonstration of different stability
behavior at the loss of stability in comparison to prior results.
To elaborate more, period doubling regions are shown to appear
at relatively high radial immersions when multiple flutes with ei-
ther a zero or non-zero helix angle are simultaneously cutting.

INTRODUCTION
Self-excited vibrations can occur when the forces exciting a

system are coupled to the state variables. This coupling can be
the result of a feedback mechanism where the excitation forces
are a function of current and past state variables. The equations
of motion incorporating such mechanism are typically delay dif-
ferential equations (DDE) which are either autonomous or time-
varying. One physical application for DDE is found in metal
removal processes. More specifically, many studies have inves-

∗Corresponding author

tigated the occurrence of self-excited vibrations in machining,
commonly known as chatter.

Chatter is typically characterized by large amplitude oscilla-
tions that deteriorate the surface finish and can also damage the
tool, machine spindle, and the workpiece. For a limited class
of DDEs, e.g. continuous turning, the stability boundaries can
be obtained in a closed-form [1]. However, the stability anal-
ysis of more general DDEs requires using approximation tech-
niques, such as semi-discretization [2], Chebyshev-based meth-
ods [3–5], collocation methods [6], temporal finite element anal-
ysis (TFEA) [7–10], as well as frequency domain techniques
[11, 12]. Numerical simulation is also used to study machining
stability [13–16]; however, semi-analytical predictions of stabil-
ity can quickly and accurately give stability regions over the pro-
cess parameter space of interest making them superior to tedious
numerical simulations [17–20].

The presence of piecewise continuous coefficients in the
DDE considerably increases the level of complexity. Milling, for
instance, is a common metal removal process which is commonly
approximated as a periodic, piecewise continuous system. There-
fore, an approximation scheme, such as TFEA [9, 10, 21–24], is
typically necessary to determine milling stability. The stability
of milling processes is typically reported through stability dia-
grams which chart the boundaries between stable and unstable
cuts as a function of the spindle speed and depth of cut [25–27].
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A milling process is stable if it is chatter-free, whereas at the
onset of chatter, the process becomes unstable. These diagrams
enhance efficiency and reduce costs by eliminating the need for
trial and error. In addition to solving for the system stability,
semi-analytical techniques can determine the type of bifurcation
associated with instabilities.

For example, recent studies have shown that a new bifur-
cation phenomena can occur in highly intermittent cutting. Be-
sides Neimark-Sacker or secondary Hopf bifurcations, period-
doubling bifurcations have been analytically predicted in Refs.
[16,18,28,29] and confirmed experimentally in Refs. [22,30–32];
a specific outcome from these works was that they found period-
doubling at low radial immersions when only a single tooth was
cutting.

A different stability behavior for helical mills was reported
and verified experimentally in Refs. [10, 33–35]. Closed bound-
aries, or islands, of unstable period doubling were shown to ap-
pear in the stability diagram due to the helical flutes of the tool.
In these works, the period doubling islands were shown only at
relatively low radial immersions. Further, Refs. [10, 35] stud-
ied the case of only one flute cutting at a time, see Fig. 1-(A),
whereas Refs. [33, 34] investigated the case of multiple flutes si-
multaneously cutting when using a high depth of cut, see Fig.
1-(B). However, the stability analysis for the cases of multiple
flutes simultaneously cutting, due to a high step-over distance,
(see Fig. 1-(C)), or due to a combination of a high depth of cut
and a high step-over distance, see Fig. 1-(D), have not received
much attention.

In this paper, we use the state-space TFEA method to study
the stability of a milling process. The added complexity of simul-
taneously engaged flutes for both zero-helix and helical mills is
considered. In contrast to prior works, multiple flute engagement
due to both a high depth of cut and a high step-over distance are
investigated. A particular outcome of this study is the develop-
ment of a frame work to determine the stability of DDEs with
periodic discontinuities in a parameter. Another major outcome
is the demonstration of a different stability behavior at the loss
of stability in comparison to prior results. To elaborate more,
period doubling regions are shown to appear at relatively high
radial immersions when multiple flutes with either a zero or non-
zero helix angle are cutting simultaneously.

Mechanical Model
The equation of motion (EOM) for a single-mode helical

mill compliant only in the y direction such as the one shown in
Fig. 2, (or similarly for a workpiece compliant in the y direction),
is described by

ÿ(t) + 2ζωnẏ(t) + ω2
ny(t) =

1
my

Fy(z, t, τ), (1)
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Figure 1. THE DIFFERENT CASES ASSOCIATED WITH A HELICAL
MILLING TOOL. THE GRAY AREA REPRESENTS THE CUTTING ZONE
AND IN GRAPH (A), ONLY A SINGLE FLUTE IS CUTTING AT ANY IN-
STANT, WHILE IN GRAPHS (B) AND (C) MULTIPLE FLUTES ARE CUT-
TING DUE TO A HIGH DEPTH OF CUT, AND A HIGH RADIAL STEP-
OVER DISTANCE, RESPECTIVELY. GRAPH (D) SHOWS THE CASE
OF A HIGH DEPTH OF CUT COMBINED WITH A HIGH RADIAL STEP-
OVER DISTANCE. THE VARIABLES SHOWN IN THE FIGURE ARE DE-
FINED IN THE MECHANICAL MODEL SECTION.
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Figure 2. ILLUSTRATIONS OF (A) UP-MILLING, AND (B) DOWN-
MILLING.

where my , ωn, and ζ are the modal mass, natural frequency
and damping ratio, respectively. The term Fy(z, t, τ) describes
the cutting forces in the y-direction while the time delay τ =
2π/NΩ is the tooth passage period for anN -tooth cutter rotating
at a spindle speed Ω (rad/sec). An analytical expression for Fy
can be obtained by first introducing the differential forces, shown

2 Copyright c© 2009 by ASME



in Fig. 3, in the tangential and radial directions [36] according to

dFt = Ktw (θn(t, z), τ) dz, (2a)
dFr = Krw(θn(t, z), τ) dz, (2b)

where Kt and Kr are the tangential and radial specific cutting
force coefficients, respectively, and the variable z varies along
the axial direction of the tool from 0 at the tip to b—the depth
of cut. The angle θn(t, z) describes the rotation angle of the nth

flute from the vertical reference shown in Fig. 2, and is described
by

θn(t, z) = Ωt−(n−1)θp−κz, where n = 1, 2, . . . , N (3)

where θp is the tool pitch angle, i.e. θp = 2π/N for a tool with
uniformly spaced flutes, and κ = 2 tanβ/D is a helix parameter.
The radial chip thickness for the reference cutting tooth can be
found by applying the circular tool path assumption which yields
[37, 38]

w(θn(t, z)) = h sin(θn(t, z)) + [y(t)− y(t− τ)] cos(θn(t, z)),
(4)

where h is the feed per tooth. The total force in the y direction
is found by integrating Eqs. (2a) and (2b) with respect to the
differential axial depth dz which gives

Fy = gn(t)

zb(n,t)∫
za(n,t)

[
dFt
dz

sin θn(t, z)− dFr
dz

cos θn(t, z)
]
dz,

(5)
where gn(t) is a switching function: its value is 1 if the nth tooth
is cutting, and 0 if the tooth exits the cut. The functions za(n, t)
and zb(n, t) describe the lower and upper limits of integration,
respectively, and they are graphed in Fig. 4 where they are shown
to vary according to

za(n, t) =

{
0 if θst ≤ θn ≤ θst + θtip,
θn−(θst+θtip)

κ if θst + θtip < θn,
(6a)

zb(n, t) =

{
θn−θst
κ if θst ≤ θn ≤ θst + θlag,

b if θst + θlag < θn,
(6b)

where θtip is the angular distance over which the tool is cutting,
θst is the entry angle which is 0 for up-milling and π − θtip for
down-milling, while θlag = κb is the angular distance defined in
Fig. 3.

The angular distance, θtip, depends on the ratio of the radial
step-over distance to the tool diameter, which is often called the

dF
dF
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Figure 3. SCHEMATIC OF A HELICAL END MILL WITH MULTIPLE
FLUTES AS WELL AS THE DIFFERENTIAL CUTTING FORCES IN THE
AXIAL, RADIAL, AND TANGENTIAL DIRECTIONS.
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Figure 4. A PLOT OF THE INTEGRATION LIMITS DESCRIBED IN
EQS. (6) AS A FUNCTION OF THE FLUTE ROTATION ANGLE

radial immersion (RI), according to

θtip = cos−1(1− 2RI). (7)

Substituting the expression for the total force in the y direction,
Eq. (5), into Eq. (1), the equation of motion now reads

ÿ(t) + 2ζωnẏ(t) + ω2
ny(t) =

Kc(t, b)
my

(y(t)− y(t− τ)), (8)

where only the dynamic chip thickness was considered, i.e. by
ignoring the term h sin θn(t, z) in Eq. (4) which does not affect
the stability analysis. The directional force coefficientKc(t, b) is
τ -periodic and is a function of time and the depth of cut b [34,35].
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This coefficient is defined using Eqs. (2a), (2b) and (4) as follows

Kc(t, b) =
Nt∑
n=1

gn(t)

zb(n,t)∫
za(n,t)

(Kt sin θn cos θn −Kr cos2 θn) dz,

(9)
where the summation is over the the total number of simultane-
ously engaged flutes Nt = d(θtip + θlag)/θpe, where d·e is the
ceiling function.
It is necessary here to make a distinction between the tool pitch
angle θp and the mill helix pitch p which are related according to
θp = κp. Whereas the pitch angle describes the angular distance
between two consecutive teeth, the mill helix pitch describes the
distance between two adjacent flutes along the axis of the tool,
as shown in Fig. 3. Further, the mill helix pitch is a geometric
property of helixes, and it is given mathematically by [33]

p =
Dπ

N tanβ
, (10)

where D is the diameter of the tool and β is the helix angle de-
fined in Fig. 3. Both θp and p play an important role in determin-
ing whether multiple flutes are cutting or not. Specifically, the
condition for multiple flutes in contact is d(θtip + θlag)/θpe > 1,
see Fig. 1.
In the next section, the discretization technique known as tempo-
ral finite element analysis (TFEA) is used to study the stability
of Eq. (8).

STABILITY ANALYSIS USING TFEA

This section describes the steps involved in using TFEA to
determine the stability of Eq. (8). The results of the stability
analysis are then presented in a series of charts that show the sta-
bility boundaries as a function of the process parameters, namely,
the spindle speed and the depth of cut.

In order to use the state-space TFEA method, Eq. (8) is first
re-written in its state-space form

dy(t)
dt

= A y(t) + B y(t− τ), (11)

where the state vectors and the state matrices are

y(t) =
[
y(t) ẏ(t)

]T
, (12a)

y(t− τ) =
[
y(t− τ) ẏ(t− τ)

]T
, (12b)

A =

 0 1

−ω2
n + Kc(t,b)

my
−2ζ ωn

 , (12c)

B =

 0 0

−Kc(t,b)my
0

 . (12d)

The solution vector y(t) is then approximated as a linear combi-
nation of polynomials during the jth element according to

y(t) =
3∑
i=1

ajiφi(σ), (13a)

y(t− τ) =
3∑
i=1

a(j−E,i)φi(σ), (13b)

where j is the element index, σ is the local element time,E is the
number of elements used, tj is the length of the jth element, and
φi is the ith trial function. For this analysis, the set of polynomial
trial functions used is

φ1(σ) = 1− 23(
σ

tj
)2 + 66(

σ

tj
)3 − 68(

σ

tj
)4 + 24(

σ

tj
)5, (14a)

φ2(σ) = 16(
σ

tj
)2 − 32(

σ

tj
)3 + 16(

σ

tj
)4, (14b)

φ3(σ) = 7(
σ

tj
)2 − 34(

σ

tj
)3 + 52(

σ

tj
)4 − 24(

σ

tj
)5. (14c)

These vectors represent an approximate solution for Eq. (11)
in the form of a linear combination of the trial functions φi.
The local time, σ, varies from zero to tj—the time of each ele-
ment. The chosen trial functions are orthogonalized on the inter-
val 0 ≤ σ ≤ tj and the use of the local time notation ensures that
they also remain orthogonal for every temporal element. These
functions are obtained through interpolation, and they are con-
structed such that the coefficients of the assumed solution di-
rectly represent the state variable at the beginning, middle and
end of each temporal element, i.e. at σ = 0, tj/2 and tj , re-
spectively. The construction and properties of these functions
are discussed in more details in Ref. [39].

Substituting the expressions of Eq. (13) into Eq. (11) gives

3∑
i=1

ajiφ̇i(σ) = A(te)
3∑
i=1

ajiφi(σ)+B(te)
3∑
i=1

a(j−E,i)+error,

(15)
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where te = σ+ (j− 1)tj and the error is induced by the approx-
imation procedure. To reduce this error, the method of weighted
residuals is applied through multiplying Eq. (15) by independent
weight functions, integrating over the length of one element, and
setting the resulting error term to zero which yields

tj∫
0

3∑
i=1

ajiφ̇i(σ)ψp(σ) dσ =

tj∫
0

A(te)
3∑
i=1

ajiφi(σ)ψp(σ) dσ

+

tj∫
0

B(te)
3∑
i=1

a(j−E,i) φi(σ)ψp(σ) dσ, (16)

where ψp are the weight functions. In this study, the shifted Leg-
endre polynomials ψ1(σ) = 1 and ψ2(σ) = 2(σ/tj) − 1 were
used. Rearranging the terms of Eq. (16), it can be rewritten as

3∑
i=1

Cp
jiaji =

3∑
i=1

Dp
jia(j−E,i), (17)

where the above matrices are defined as

Cp
ji =

tj∫
0

(
Iφ̇i(σ)−A(te)φi(σ)

)
ψp(σ) dσ, (18a)

Dp
ji =

tj∫
0

B(te)φi(σ)ψp(σ) dσ, (18b)

and I is an identity matrix. Using Eq. (18), a global matrix can
be constructed according to

H aτ = G a−τ , (19)

where aτ and a−τ are the coefficients of the approximate solu-
tion in the current and the previous period, respectively. Assum-
ing E = 2 for demonstration as shown in Fig. 5, elements 1 and
2 are mapped onto elements 3 and 4 and the expressions for H

t

y(t)

−τ

a11 a12

a13=a21

a22
a23=a31

0

a33=a41

a42a32
a43

τ

1 2 3 4

Figure 5. TFEA TIME LINE. TWO ELEMENTS ARE USED IN EACH
PERIOD FOR DEMONSTRATION.

and G become

H =


I 0 0 0 0

C1
31 C1

32 C1
33 0 0

C2
31 C2

32 C2
33 0 0

0 0 C1
41 C1

42 C1
43

0 0 C2
41 C2

42 C2
43

 , (20a)

G =


0 0 0 0 Φ

D1
11 D1

12 D1
13 0 0

D2
11 D2

12 D2
13 0 0

0 0 D1
21 D1

22 D1
23

0 0 D2
21 D2

22 D2
23

 , (20b)

where Φ is the state transition matrix

Φ =
1

λ1 − λ2

[
λ1e

λ2tf − λ2e
λ1tf eλ1tf − eλ2tf

λ1λ2e
λ2tf − λ1λ2e

λ1tf λ1e
λ1tf − λ2e

λ2tf

]
,

(21)
and λ1,2 = ζ ±

√
ζ2 − 1, while tf is the duration of free vibra-

tion. This state transition matrix relates the state of the tool as it
exits the cut to its state as it re-enters the cut [40].

Recalling that the coefficients of the assumed solution di-
rectly represent the state variable at various points in time, Eq.
(19) can be alternatively written as

yτ = Q y−τ , (22)

where Q = H−1G is called the monodromy operator. Equation
(22) represents a discrete solution form for Eq. (8) that maps the
states of the system over one delay period τ . The condition for
asymptotical stability requires that all the characteristic multipli-
ers, or eigenvalues of Q, must lie within the unit circle in the
complex plane. More details about this technique and its conver-
gence properties can be found in Ref. [39].
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Figure 6. DOWN-MILLING STABILITY DIAGRAMS OF EQ. (8) FOR A
4-FLUTE CUTTER. THE LIGHT LINE REPRESENTS THE ZERO HELIX
CASE WHILE THE THICK LINE REPRESENTS A HELICAL TOOL WITH
β = 30. THE PARAMETERS USED TO GENERATE THE PLOTS ARE
SHOWN IN TABLE 1 AND THE RADIAL IMMERSIONS USED ARE (A)
0.05, AND (B) 0.50. “H” INDICATES HOPF BIFURCATIONS, WHILE “P”
INDICATES PERIOD-DOUBLING BIFURCATIONS.

Discussion and Results
The results from the stability analysis for a milling process

are given in this section. The process is described by Eq. (15)
and the cases studied are for multi-flute cutters with and without
a helix angle. Although the stability analysis approach described
earlier can be used to study both up-milling and down-milling
processes, see Fig. 2, only the down-milling cases, shown in
Figs. 6–9, were considered in this study.

The parameters used to obtain these plots were introduced
in Refs. [33, 34] and are shown in Tab. 1. The results for both
a zero-helix mill (light line), and a helical mill with β = 30o

(dark line) are reported in each diagram. The type of bifurca-
tion is also marked on each lobe with “H” indicating a Neimark-
Sacker or Hopf bifurcation, and “P” indicating period doubling
lobes. The authors acknowledge that changing the geometry of
the tool would in general change the specific cutting coefficients
Kr and Kt. Therefore, a one to one stability comparison be-
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45
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Ω(rpm)
b(
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m

)
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5
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(A)

(B)

Η P

Η

Figure 7. DOWN-MILLING STABILITY DIAGRAMS OF EQ. (8) FOR A
4-FLUTE CUTTER. THE LIGHT LINE REPRESENTS THE ZERO HELIX
CASE WHILE THE THICK LINE REPRESENTS A HELICAL TOOL WITH
β = 30. THE PARAMETERS USED TO GENERATE THE PLOTS ARE
SHOWN IN TABLE 1 AND THE RADIAL IMMERSIONS USED ARE (A)
0.75, AND (B) 1.0 (FULL RADIAL IMMERSION). “H” INDICATES HOPF
BIFURCATIONS, WHILE “P” INDICATES PERIOD-DOUBLING BIFUR-
CATIONS.

tween a zero-helix tool and helical one would require accounting
for these changes. However, we are primarily interested in the is-
land phenomena associated with helical mills and the zero-helix
cases are only given for reference.

In Fig. 6-(A), a radial immersion of 0.05 was used which
produced identical results to those obtained through a frequency
domain stability analysis in Ref. [34]. This case corresponds to
graphs (A) and (B) in Fig. 1, where incrementing the depth of
cut to high values results in multiple-flute engagement. It can
be seen that the period doubling boundary, which corresponds
to the zero-helix case, transforms into closed, bounded regions
of period doubling that are often called islands. The depths of
cut at the period-doubling free zones between any two islands
correspond to integer multiples of the helix pitch. This is because
at these values of cutting depths the helical flutes average the
time-periodic forces and the system becomes autonomous [33].
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Figure 8. DOWN-MILLING STABILITY DIAGRAMS OF EQ. (8) FOR A
6-FLUTE CUTTER. THE LIGHT LINE REPRESENTS THE ZERO HELIX
CASE WHILE THE THICK LINE REPRESENTS A HELICAL TOOL WITH
β = 30. THE PARAMETERS USED TO GENERATE THE PLOTS ARE
SHOWN IN TABLE 1 AND THE RADIAL IMMERSIONS USED ARE (A)
0.25, AND (B) 0.50. “H” INDICATES HOPF BIFURCATIONS, WHILE “P”
INDICATES PERIOD-DOUBLING BIFURCATIONS.

The radial immersion is increased to 0.50 in Fig. 6-(B); this
is the borderline case for only one flute in the cut when using a
zero-helix mill and four cutting flutes. The period doubling lobes
for the zero-helix case and the islands for the helical tool case
are still apparent at this radial immersion. However, in contrast
to prior works on a single flute in the cut, a further increase of
the radial immersion in Fig. 7-(A) to 0.75 causes multiple flute
engagement for the zero-helix case and produces cases similar
to those depicted in Fig. 1-(C) and (D) for a helical tool. The
appearance of period-doubling lobes at this relatively high radial
immersion diverges from the stability behavior for a single flute.
The period doubling regions disappear at full radial immersion,
see Fig. 7-(B), and the results for zero-helix and helical tools be-
come identical under the assumption of constant specific cutting
coefficients.

The cases for a 6-flute and an 8-flute cutter demonstrate a
different behavior as shown in Figs. 8 and 9, respectively. For
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25
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3000 4000 5000 6000 7000 8000
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Figure 9. DOWN-MILLING STABILITY DIAGRAMS OF EQ. (8) FOR AN
8-FLUTE CUTTER. THE LIGHT LINE REPRESENTS THE ZERO HELIX
CASE WHILE THE THICK LINE REPRESENTS A HELICAL TOOL WITH
β = 30. THE PARAMETERS USED TO GENERATE THE PLOTS ARE
SHOWN IN TABLE 1 AND THE RADIAL IMMERSIONS USED ARE (A)
0.146, AND (B) 0.25. “H” INDICATES HOPF BIFURCATIONS, WHILE
“P” INDICATES PERIOD-DOUBLING BIFURCATIONS.

example, in Fig. 8, period doubling regions still appear for the
zero-helix case at both the borderline case for only one flute in
the cut, graph (A), as well as the case with a higher radial im-
mersion and a zero-helix mill in graph (B). However, when a
helical mill is used, the period doubling lobes disappear and only
Neimark-Sacker lobes persist. The same observation is apparent
in graphs (A) and (B) in Fig. 9 for an 8-flute cutter; whereas pe-
riod doubling lobes appear for the zero-helix case, only Neimark-
Sacker lobes appear for the helical tool cases. This is because as
the number of teeth is increased, the spacing between the helical
flutes gets smaller—decreasing both the pitch angle and the he-
lix pitch. The forces are therefore averaged out around the tool
helix over the full range of cutting speeds and depths of cut. The
smoothing effect of the helix angle asymptotically transforms a
discontinuous milling process into a continuous one as the num-
ber of flutes is increased. Hence, when a sufficient number of
cutting edges is used, only Neimark-Sacker bifurcations appear.
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Conclusions
This paper presented an approach to solve for the stability of

DDE with piecewise discontinuities. The method used was the
state-space TFEA and the physical application under considera-
tion was a single degree of freedom milling process with simul-
taneously cutting flutes. The stability charts for both a zero-helix
mill and a helical tool were shown and compared under the as-
sumption of constant specific cutting coefficients. It was shown
that the state-space TFEA results agreed with the frequency do-
main stability results for the low radial immersion cases found in
literature. However, increasing the radial immersion beyond the
range investigated in literature revealed a different stability.

In contrast to prior works, period doubling regions appeared
at relatively high radial immersions when multiple flutes were
cutting. These regions appeared as lobes for zero-helix tools,
while closed islands characterized the period doubling regions
for helical tools. However, as the number of cutting edges is
increased, e.g. to 6 and 8 in Figs. 8 and 9, the helical flutes
smoothed out the force discontinuities and eliminated period
doubling bifurcations.

Additionally, in agreement with prior works, period dou-
bling bifurcations were shown to cease to exist at depths of cut
equal to integer multiples of the mill helix pitch. Moreover, at
full slotting, only Neimark-Sacker bifurcations existed and the
results for zero-helix and helical tools coincided.

Although only Neimark-Sacker and period doubling bifur-
cations can occur for tools with constant helix angle and con-
stant pitch, a recent study has found cyclic-fold bifurcations at
low radial immersions for both variable pitch and variable helix
tools [41]. However, expanding the approach of this paper to the
cases of variable pitch and variable helix tools remains a topic
for future research.

Table 1. THE PARAMETERS USED TO GENERATE THE STABILITY
PLOTS IN FIGS. 6 AND 7.

Parameter value

m (Kg) 5.3640

ωn (Hz) 319.375

ζ 0.0196

Kt (N/mm2) 804.3

Kr (N/mm2) 331
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