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ABSTRACT
This paper investigates the analysis of delay integro-

differential equations to explain the increased stability behav-

ior commonly observed at low cutting speeds in machining pro-

cesses. In the past, this improved stability has been attributed to

the energy dissipation from the interference between the work-

piece and the tool relief face. In this study, an alternative phys-

ical explanation is described. In contrast to the conventional

approach, which uses a point force acting at the tool tip, the cut-

ting forces are distributed over the tool-chip interface. This ap-

proximation results in a second order delayed integro-differential

equation for the system that involves a short and a discrete de-

lay. A method for determining the stability of the system for an

exponential shape function is described, and temporal finite ele-

ment analysis is used to chart the stability regions. Comparisons

are then made between the stability charts that use the conven-

tional point force and those that use the distributed force model

for continuous and interrupted turning.

INTRODUCTION
A normal phenomenon associated with cutting operations is

relative vibrations between the tool and the workpiece. When

these vibrations become unstable, they are commonly referred

to as chatter which may result in defective machined parts and

increased tool wear. Chatter can also damage the workpiece, the

fixture and/or the machine spindle. Mapping the areas of stability

as a function of the machining parameters, namely the depth of

cut and the spindle speed, not only helps avoid these detrimental
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effects of chatter but also increases the efficiency of the cutting

process. Predictive models that can generate stability regions for

a wide combination of speeds and cutting depths eliminate the

costly and time-consuming trial and error alternative.

In order to generate the stability charts for a cutting op-

eration, it is necessary to model the system dynamics through

suitable equations of motion, descriptive force models and apply

proper solution techniques. Models describing cutting tool vibra-

tions began to appear in literature about half a century ago [1–4].

Several models have been proposed to characterize the cutting

forces as a function of the cutting parameters, such as the depth

of cut and the instantaneous chip thickness whose product forms

the instantaneous chip area. These models treated cutting forces

as a point force acting at the tool tip. This conventional approx-

imation of the cutting forces has been verified experimentally

in the middle range of cutting speeds. However, actual observa-

tions of the cutting process at low speeds show improved stability

when compared to those obtained from theoretical predictions,

(e.g. see Fig. 1).

There are many machining operations that can be performed

only at low speeds. For instance, harder to machine materials,

like stainless steel and titanium, are used extensively in medi-

cal tool manufacturing and in the spacecraft industry. Titanium,

for example, has very high strength to weight ratio and excellent

corrosion resistance, which makes it ideal for aerospace appli-

cations [5]. Titanium also has great bio-compatibility so it is

widely used in medical implants [6]. However, titanium is diffi-

cult to machine owing to its inherent properties of high strength

combined with poor thermal conductivity. This requires titanium

to be machined only at low speeds.

Proceedings of DSCC2008
2008 ASME Dynamic Systems and Control Conference

October 20-22, 2008, Ann Arbor, Michigan, USA

1 Copyright © 2008 by ASME

DSCC2008-2287



Figure 1. QUALITATIVE STABILITY CHARTS SHOWN TO ILLUS-

TRATE THE PHENOMENOLOGICAL INCREASE IN STABILITY AT REL-

ATIVELY LOW CUTTING SPEEDS. GRAPH (A) SHOWS THE STABILITY

BOUNDARIES FOR A TYPICAL POINT FORCE MODEL AND GRAPH

(B) PROVIDES A QUALITATIVE REPRESENTATION OF THE COM-

MONLY OBSERVED STABILITY INCREASE AT LOW SPEEDS.

The improved stability behavior at low speeds has been at-

tributed to an energy dissipation mechanism commonly called

process damping. Process damping plays a key role in stability

determination in machining processes [5–7]. Tobias and Fish-

wick [1], Tlusty [8] and Minis et al. [9] tried to account for

process damping by including the displacement variable and its

derivative in the cutting force model. Other models recognized

process damping as the result of the interference between the cut-

ting tool flank face and the undulated machined surface [5] where

the amplitude of the force was assumed to be proportional to the

material volume displaced due to interference [10–14]. Chiou

and Liang [15] and later Clancy and Shin [16] used this model

to account for process damping to capture the effect of tool wear

on stability in turning. The same model was implemented by

Chandiramani and Pothala [17] in their study of regenerative

chatter in a two degree of freedom model for turning.

An alternative explanation for the increased stability at

lower speeds was recently introduced by Stepan [18,19]. Instead

of modeling the cutting forces as a single point force, a continu-

ous or distributed time delay model was introduced to capture the

force distribution over the tool-chip interface (see Fig. 3). This

paper investigates the influence of the distributed force model

on the stability behavior of continuous turning. In particular,

we describe an approach to transform the distributed-delay equa-

tions into a discrete-delay system. Theoretical stability investi-

gations are performed using a state-space TFEA (temporal finite

element analysis) technique [20]. Finally, different continuous-

to-discrete delay ratios are used to elucidate parameter regimes

where the phenomenological increased stability behavior is ade-

quately captured.

EXAMPLE CONTINUOUS DELAY SYSTEM
In this section, a first-order scalar delay differential equa-

tion, or DDE, with both a discrete and a continuous delay is pre-

sented. Using this introductory example, the procedure of trans-

forming the equation into a form that contains only the discrete

delay is described. The stability of the resulting equation is then

investigated using state-space TFEA.

Consider the first order DDE

ẋ(t)+αx(t)+β

ts∫
0

x(t − τ− t̂)w(t̂)dt̂ = 0, (1)

where t is time, x is a real variable, α and β are real scalars, τ
is a discrete delay, t̂ is a continuous or short delay, ts is the du-

ration of the short delay, and w(t̂) is a shape or weight function.

The integral in Eq. (1), as well as the existence of two types of

delays, complicates the stability analysis of Eq. (1) in its current

form. However, with a suitable choice of the weight function

w(t̂), Eq. (1) can be tranformed into a solvable form. In fact, a

reasonble choice for w(t̂) is

w(t̂) = e
−t̂
γτ , (2)

where γ = ts/τ is the ratio of the short delay to the long one and

it will be assumed to be constant. This choice of an exponential

term for the weight function implies that the effect of the contin-

uous delay disappears gradually as ts → ∞. With this choice for

w(t̂), the continuous delay term in Eq. (1) can be eliminated by

first differentiating the equation with respect to time to obtain

ẍ(t)+αẋ(t)+β

∞∫
0

ẋ(t − τ− t̂)e
−t̂
γτ dt̂ = 0. (3)

Next, integrating the continous delay term by parts gives

β

∞∫
0

ẋ(t − τ− t̂)e
−t̂
γτ dt̂ = −β [ x(t − τ− t̂)e

−t̂
γτ

∣∣∣∞

0

+
1

γτ

∞∫
0

x(t − τ− t̂)e
−t̂
γτ dt̂ ]

= βx(t − τ)+
1

γτ
[ẋ(t)+αx(t)] . (4)

Finally, substituting Eq. (4) into Eq. (3) gives

ẍ(t)+(α+
1

γτ
)ẋ(t)+

α

γτ
βx(t − τ) = 0, (5)
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or in state-space form

[
ẏ1

ẏ2

]
=

⎡
⎣ 0 1

−α
γτ −

(
α+ 1

γτ

)
⎤
⎦[

y1

y2

]
+

⎡
⎣ 0 0

−β 0

⎤
⎦[

y1(t − τ)

y2(t − τ)

]
,

(6)

where now Eq. (5) represents a transformation of Eq. (1) that

contains the discrete delay only. In the next section, state-space

TFEA is used to investigate the stability of Eq. (5).

Stability Analysis

The stability analysis of Eq. (5) can be performed using

state-space TFEA approach introduced by Mann and Patel [20].

In this approach, the expressions for the current state and the de-

layed state variables are written as vectors

x j(t) =
3

∑
i=1

an
jiφi(σ), x j(t − τ) =

3

∑
i=1

an−1
ji φi(σ) (7)

during the jth element. These vectors represent an approximate

solution for Eq. (5) in the form of a linear combination of trial

functions, φi(σ). The local time, σ, varies from zero to the time

of each element t j = τ/E, where E represents the number of el-

ements used in the analysis. The chosen trial functions are or-

thogonalized on the interval 0 ≤ σ ≤ t j and the use of the local

time notation ensures that they remain orthogonal for every tem-

poral element. The set of polynomial trial functions used for this

analysis are

φ1(σ) = 1−23(
σ

t j

)2 +66(
σ

t j

)3
−68(

σ

t j

)4 +24(
σ

t j

)5, (8a)

φ2(σ) = 16(
σ

t j

)2
−32(

σ

t j

)3 +16(
σ

t j

)4, (8b)

φ3(σ) = 7(
σ

t j

)2
−34(

σ

t j

)3 +52(
σ

t j

)4
−24(

σ

t j

)5. (8c)

The above trial functions are obtained through interpolation, and

they are constructed such that the coefficients of the assumed so-

lution directly represent the state variable at the beginning, mid-

dle and end of each temporal element, i.e. at σ = 0, t j/2 and t j,

respectively. The construction and properties of these functions

are discussed in more details in [20]. For demonstration pur-

poses, it is assumed that two elements are sufficient, i.e. E = 2,

then the corresponding form of the assumed solution is substi-

tuted into Eq. (5) and using the method of weighted residuals a

global matrix can be obtained that relates the states of the system

in the current period to those in the previous period

⎡
⎢⎢⎢⎢⎣

I 0 0 0 0

N1
11 N1

12 N1
13 0 0

N1
21 N1

22 N1
23 0 0

0 0 N2
11 N2

12 N2
13

0 0 N2
21 N2

22 N2
23

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

a11

a12

a21

a22

a23

⎤
⎥⎥⎥⎥⎦

n

=

⎡
⎢⎢⎢⎢⎣

0 0 0 0 I

P1
11 P1

12 P1
13 0 0

P1
21 P1

22 P1
23 0 0

0 0 P2
11 P2

12 P2
13

0 0 P2
21 P2

22 P2
23

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

a11

a12

a21

a22

a23

⎤
⎥⎥⎥⎥⎦

n−1

, (9)

which can be written in a more compact form as

Han = Gan−1 (10)

where I is a 2×2 identity matrix. The terms N
j
pi and P

j
pi are the

following square matrices

N
j
pi =

t j∫
0

(
Iφ̇i(σ)−Cφi(σ))

)
ψp(σ)dσ, (11a)

P
j
pi =

t j∫
0

(Dφi(σ))ψp(σ)dσ, (11b)

The functions ψp(σ) are called test functions, or weighting func-

tions. These functions are used to minimize the error incurred

from the solution approximation. The weighting functions used

for the presented analysis were shifted Legendre polynomials.

These polynomials were used because they satisfy the required

condition of linear independence. Here, only the first two shifted

Legendre polynomials, ψ1(σ) = 1 and ψ2(σ) = 2(σ/t j)−1, will

be used to keep the resulting matrices square.

Recalling that the coefficients of the assumed solution di-

rectly represent the state variable at various points in time,

Eq. (10) can alternatively be written as xn = Qxn−1, where

Q = H−1G is called the monodromy operator. This expression

represents a discrete solution form for Eq. (1) that maps the states

of the system over a single delay period, from the n− 1 period

to the nth period. Here, the condition for asymptotical stability

requires that all the characteristic multipliers, or eigenvalues of

Q, must lie within the unit circle of the complex plane. For more

details about this technique and for convergence properties the

reader is referred to reference [20]. Figure (2) shows the stability

chart for Eq. (1) for γ = 0.5 and 1.5 assuming a discrete delay

τ = 1.

In the next section the same analysis will be carried out for a

continuous turning model.
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Figure 2. STABILITY CHARTS OF Eq. (1) FOR τ = 1, AND (A) γ = 0.5
AND (B) γ = 1.5. MOREOVER, A GRID OF 100 × 100 AND E=10

WERE USED. UNSTABLE REGIONS ARE SHADED WHILE STABLE

REGIONS ARE LEFT UNSHADED.

CONTINUOUS TURNING MODEL

The governing equation of motion for a rigid workpiece and

a tool compliant in one direction, z(t), is

mz̈+ c ż+ k z = −Fz(A), (12)

where m, c and k are the modal mass, stiffness and damping re-

spectively, and Fz(A) is the cutting force component along the z

direction as a function of the instantaneous chip area, A(t). The

instantaneous chip area is the product of the depth of cut, b, and

the instantaneous chip thickness, h(t), i.e. A(t) = bh(t).

Figure 3. SCHEMATIC DIAGRAM OF A: (A) DISTRIBUTED FORCE

MODEL AND (B) CONVENTIONAL POINT FORCE MODEL. CASE (A)

USES A STRESS DISTRIBUTION OVER THE TOOL RAKE FACE AND

APPLIES A FINITE TIME FOR THE CHIP TO TRAVEL ALONG THE

TOOL-CHIP INTERFACE. CASE (B) IS THE CONVENTIONAL MODEL-

ING APPROACH OF USING A POINT FORCE AND A DISCRETE DE-

LAY MODEL.

Let z∗ be the zero solution for the system, which corresponds to

cutting at the nominal depth of cut ho. Under these conditions,

the system is in equilibrium with the static cutting force, fo. Then

for any other solution, z(t), one can write [21]

z(t) = z∗ +ξ(t), (13)

where ξ(t) represents a perturbation of the equilibrium solution.

The growth or decay of such small perturbations determines the

stability of the original system, Eq. (12). Similarly, the cutting

force can be described as the summation of a static component

and a dynamic variation due to oscillations

Fz(A) ≈ fo +ΔFz(A) (14a)

≈−kz∗ +ΔFz(A), (14b)

Equations (13) and (14) are substituted into Eq. (12) to obtain

the variational equation

m ξ̈(t)+ c ξ̇(t)+ k ξ(t) ≈−ΔFz(A). (15)

Dropping the approximation sign and dividing by the mass, m,

Eq. (15) becomes

ξ̈(t)+2ζωn ξ̇(t)+ω2
n ξ(t) = −

1

m
ΔFz(A), (16)

where ωn =
√

k/m is the angular natural frequency, ζ =
c/(2mωn) is the damping ratio, and ΔFz(A) is the dynamic force

variation. The expression for the force variation depends on the

adopted force model, i.e. conventional point force model or dis-

tributed force model. In the next section, the conventional point

force model will be used in conjunction with Eq. (16) to produce

an equation that can be solved for stability regions.

Point Force Model

In the conventional point force model, cutting forces are

characterized by a single force vector acting at a single point–the

tool tip. This force is assumed to be a function of the instanta-

neous chip area, A(t), (see Fig. 4).

Figure 4. CUTTING FORCE AND CHIP AREA RELATION.
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The dynamic force variation is written as a Taylor series expan-

sion around the nominal uncut chip area Ao

ΔFz(A) = u(t) (Fz(A)− fo) =
p

∑
j=1

k j(ΔA) j (17)

where for continuous turning the tool is assumed to be in the cut

all the time and a force proportional to the uncut chip area acts

on the tool. The chip area variation is

ΔA = A−Ao = b(h−ho). (18)

The coefficients of the power series in Eq. (17) come from

k j =
1

j!

d jFz(Ao)

dA j
, j = 1,2, . . . (19)

The first coefficient, k1, in the above expression is referred to as

the cutting coefficient and is usually determined experimentally.

k1 represents the linear approximation of the cutting force vari-

ation, while the higher order terms, k2–k∞, provide higher order

approximations.

The linear approximation of the cutting force variation is inserted

into Eq. (16) to obtain

ξ̈(t)+2ζωn ξ̇(t)+ω2
n ξ(t) = −

k1b

m
(h(t)−ho). (20)

Substituting h(t) = ho +ξ(t)−ξ(t − τ) into Eq. (20) gives

ξ̈(t)+2ζωn ξ̇(t)+ω2
n ξ(t) = −

k1b

m
(ξ(t)−ξ(t − τ)) (21)

which represents a DDE with constant coefficients. A set of di-

mensionless parameters for time, spindle speed, time delay and

depth of cut is defined as [22]

t̃ = ωnt, Ω̃ =
Ω

ωn
, τ̃ = ωnτ, b̃ =

bk1

mω2
n

. (22)

These substitutions result in the dimensionless characteristic fre-

quency ω̃n = 1. The non-dimensionalized version of Eq. (21)

then reads

ξ̈(t̃)+2ζ ξ̇(t̃)+ξ(t̃) = −b̃(ξ(t̃)−ξ(t̃ − τ̃)). (23)

Figure 5 shows two stability charts that were obtained using

state-space TFEA with Eq. (23) for the point force model. Two

cases were considered: one of a relatively high damping ra-

tio, ζ = 0.02, and another for a relatively low damping ratio,

ζ = 0.0038. The region below the boundary line represents sta-

ble cutting conditions, while that above the boundary line cor-

responds to unstable cutting process. It can be seen that at low

speeds, this model does not capture the improved stability en-

countered in practice. Please note that for all turning stability

plots, a square grid of 600×600 points was used.

(a) ζ = 0.0038 (b) ζ = 0.02

Figure 5. STABILITY CHARTS FOR THE POINT FORCE MODEL OF

CONTINUOUS TURNING PLOTTED AS A FUNCTION OF THE NON-

DIMENSIONALIZED CUTTING SPEED AND DEPTH OF CUT. THE

DAMPING RATIOS USED ARE (A) ζ = 0.0038 AND (B) ζ = 0.02, (UN-

STABLE REGIONS SHADED).

Distributed Force Model
The distributed force model reflects a more realistic repre-

sentation of the physical cutting forces in turning. Instead of

concentrating the cutting forces at a single point, these forces are

assumed to have a distribution per unit length, Pz, with varying

magnitudes along the tool-chip interface. The cutting forces can

be described in terms of this distribution by

Fz(A) =

l∫
0

Pz(A,s)ds, (24)

where s is a local coordinate whose origin is fixed to the tool tip.

This local coordinate describes the contact distance between the

sliding chip and the active face of the tool. The range of values

for s is from 0 to the length which represents the location where

the chip separates from the tool, l. One approximation for Pz

combines the Taylor approximation of the cutting force with an

estimated shape function W (with unit 1/m)

Pz(A,s) = Fz(A)W (s), s ∈ [0, l]. (25)

In order to ensure that this new model maintains the mechanics

of the system; substituting A = Ao, which corresponds to cutting

5 Copyright © 2008 by ASME



6 Copyright © 2008 by ASME



Consequently, the third order tranformation of Eq. (33) which

contains only the discrete delay reads

(3)

ξ(t̃) +(
1

r τ̃
+2ζ)ξ̈(t̃)+(

2ζ

r τ̃
+1)ξ̇(t̃)+

1

r τ̃
(1+ b̃)ξ(t̃)

−
b̃

r τ̃
ξ(t̃ − τ̃) = 0, (35)

where the parameters defined in Eq. (22) were used to obtain the

above non-dimensional equation. Figure 7 shows two stability

plots that were obtained using state-space TFEA with Eq. (35)

for the distributed force model. These plots were generated for a

very-low value of the delay ratio, r = 0.001, and they can be com-

pared directly to their point force model counterparts in Fig. 5. It

can be seen that the distributed force model gives results similar

to the point force model when the delay ratio is very small, i.e

when the short delay is negligible compared to the discrete de-

lay. However, for larger values of r, Figure 8 shows an improved

stability behavior at lower speeds.

(a) ζ = 0.0038 (b) ζ = 0.02

Figure 7. STABILITY CHARTS FOR THE DISTRIBUTED FORCE

MODEL OF CONTINUOUS TURNING PLOTTED AS A FUNCTION OF

THE NON-DIMENSIONALIZED CUTTING SPEED AND DEPTH OF CUT.

THE DELAY RATIO USED is r = 0.001, AND THE DAMPING RATIOS

USED ARE (A) ζ = 0.0038 AND (B) ζ = 0.02, (UNSTABLE REGIONS

SHADED).

DISCUSSION
This paper investigates the analysis of delay integro-

differential equations to explain the increased stability behavior

commonly observed at low cutting speeds. In literature, this im-

proved stability has been attributed to the interference between

the workpiece and the tool relief face. In past work, the en-

ergy dissipation through such an interference mechanism has

been called process damping. The present manuscript has de-

scribed and investigated an alternative physical explanation. A

distributed cutting force model, along with an exponential distri-

bution over the tool-chip interface, is assumed. Although a dis-

tributed force model is more realistic, this idea contrasts the stan-

dard approach of using a point force. In addition, the distributed

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

~

b~

(a) r = 0.03 (b) r = 0.05

(c) r = 0.10

Figure 8. STABILITY CHARTS FOR THE DISTRIBUTED FORCE

MODEL OF CONTINUOUS TURNING PLOTTED AS A FUNCTION OF

THE NON-DIMENSIONALIZED CUTTING SPEED AND DEPTH OF CUT.

THE DAMPING RATIO USED IS ζ = 0.0038, AND THE DELAY RATIOS

USED ARE (a) r = 0.03, (B) r = 0.05 AND (C) r = 0.10, (UNSTABLE

REGIONS SHADED).

force model results in a more complicated governing equation, a

second order delayed integro-differential equation, that involves

both a discrete and continuous delay. The continuous delay re-

sults from the finite time it takes the chip to slide along the rake

face of the tool while the discrete delay is from the period be-

tween consecutive passages of the cutting tooth.

The continuous delay has been an un-modeled parameter

that was shown to have a great impact on low-speed cutting sta-

bility. An exponential shape function was proposed to approxi-

mate the force distribution over the tool-chip contact length, and

a constant delay ratio was introduced to describe the ratio be-

tween the continuous and the discrete delays. An approach was

described to transform the governing equation of motion into a

third order discrete system. The state-space representation of the

new system was then obtained, and the state-space TFEA tech-

nique was used to chart the stability boundaries for continuous

and interrupted turning. Different delay ratios were used for gen-

erating stability charts to study the effect of the continuous delay

on stability. For comparison purposes, the point force model was

used to obtain the conventional stability charts for continuous

turning.

It was found that for a small value of the delay ratio, i.e.

when the continuous delay is negligible in comparison to the

discrete one, the predicted stability boundaries were similar to

those of the point force model. However, for larger values of the

delay ratio, the distributed force model showed an improved sta-

7 Copyright © 2008 by ASME



bility behavior at lower speeds when compared to the point force

model. The stable parameter space continued to increase with

increases in the delay ratio which confirms the stabilizing effect

of the continuous delay.

Possible tasks for future research include experimental ver-

ification of the results presented in this study. Moreover, the ad-

ditional damping attributed to the interaction between the tool

nose and the undulated machined surface can also be approxi-

mated using the presented approach. Current literature estimates

these forces through the calculation of the volume displaced due

to the interaction. However, another option would be to assume

that there is a force distribution of some shape on the clearance

face as well. The presented results can then be used to include

the effect of these forces in the system model. Another future

task is to construct a solution strategy that can accommodate dif-

ferent shape functions for the force distribution, and to expand

these solution techniques to other application areas.
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